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Abstract. We develop a theory of Chern classes and compatible power op- 
erations for strongly Gorenstein inertial pairs (in the sense of IEJK12I V 

An important application is to show that there is a theory of Ch ern classe s 
and compatible power operations for the virtual product defined by |GLS + Q7] . 
We also show that when X is a quotient X = [X/G], with G diagonalizablc, 
then inertial K-theory of X has a A-ring structure. This implies that for toric 
Deligne-Mumford stacks there is a corresponding A-ring structure associated 
to virtual K-theory. 

As an example we compute the semi-group of A-positive elements in the 
virtual A-ring of the weighted projective stacks P(l, 2) and P(l,3). Using the 
virtual orbifold line elements in this semi-group, wc obtain a simple presen- 
tation of the K-theory ring with the virtual product and a simple description 
of the virtual first Chern classes. This allows us to prove that the completion 
of this ring with respect to the augmentation ideal is isomorphic to the usual 
K-theory of the resolution of singularities of the cotangent bundle T*P(1, 2) 
and T*P(1, 3), respectively. We interpret this as a manifestation of mirror 
symmetry, in the spirit of the Hyper-Kahler Resolution Conjecture. 
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1. Introduction 

Beginning with the pioneering work of Chen and Ruan |CR02j , there is a well de- 
veloped theory of orbifold products associated to the inertia stack J^T of a smooth 
Deligne-Mumford stack 3£ . In particular, there are orbifold products for the coho- 
mology, Chow groups and K-theory of I3£ . Moreover, there is an orbifold Chern 
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character c 6h: K(IS£) -> A*(I3£)q which respects these products j JKK07j . In 
this paper we are motivated by mirror symmetry to consider the further question 
of whether there is a corresponding theory of orbifold Chern classes. Since the 
classical theory of power operations in K-theory is tightly bound to the theory of 
Chern classes, we investigate the question of whether there are also corresponding 
operations on orbifold K-theory. 

We prove the following result about quotient orbifolds JT = [X/ G] . 

Main Results. 

(a) If the orbifold X is Gorenstein, then there is an orbifold Chern class ho- 
momorphism c t : K(I5£) A* {IX) <g> Q[[t]] (see Definitional] and The- 
orem \5.13\) . 

(b) If the orbifold X is strongly Gorenstein (see below for definition), then 
there are Adams ip and X operations compatible with the Chern class ho- 
momorphism (see Definitions ] 5. 3\ and \5.5\ as well as Theorem \5.13\) . 

(c) If G is diagonalizable and X is strongly Gorenstein, then the Adams and 
X operations make K{I X) ® Q with its orbifold product into a rationally 
augmented X-ring (see Theorem \5.16\) . 

(d) If the orbifold X is strongly Gorenstein, then there is an inertial dual oper- 
ation J? — > on K(X) which is an involution and a ring homomorphism 
and which commutes with the orbifold Adams operations and the orbifold 
augmentation. (See Theorem \6.3\) 

Our method of proof is based on developing properties of inertial pairs defined 
in EJK12J . An inertial pair consists of a vector bundle ffl on the double 

inertia stack I 2 X together with a class 5? S K{X)q satisfying certain compatibil- 
ity conditions. The bundle S% determines associative inertial products on K{IX) 
and A*{IX), and the class =5^ determines both a rational grading on A*(IX) and 
a Chern character homomorphism of inertial rings c ioh: K{IX) — > A*{IX)q. 

The basic example of an inertial pair J^) is the orbifold obstruction bundle 
ffl together with the class 5? defined in |JKK07j and considered in [EJK10J, but this 
is far from being the only example. Each vector bundle V on 3£ determines two 
inertial pairs, (& + V, y + V) and {ffl'V, y~V). If we denote the tangent bundle of 
X by T, the n the inertial pair (&~T,.y~T) produces the virtual orbifold product 
of [GLS+07 . 

An inertial pair y) is called Gorenstein [strongly Gorenstein) if ,5f has in- 
tegral rank (respectively £f is represented by a vector bundle), and an orbifold 
is strongly Gorenstein if the inertial pair corresponding to the orbifold product is 
strongly Gorenstein. 

We prove that the main results listed above actually hold for many inertial 
pairs. More precisely, we prove that a Gorenstein inertial pair determines a theory 
of Chern classes, and a strongly Gorenstein inertial pair also determines inertial 
K-theory operations (A, Adams' ip, and Grothendieck's 7) compatible with the 
Chern classes. Moreover, when X = [X/G\ with G diagonalizable, then the K- 
theory operations determine a rationally augmented A-ring structure on K(X)q 
with an inertial dual which is a ring homomorphism, compatible with the Adams' 
operations and the inertial augmentation. 

Since the inertial pair associated to the virtual orbifold product is always strongly 
Gorenstein |EJK12j . we obtain the following result: 
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Corollary. 

(a) The virtual orbifold product on K(IX) admits a Chern series homomor- 
phism Ct ■ K(I,%) — > A* (I X)q[[i\] as well as compatible Adams if) and X 
operations on K(IX)q. 

(b) If J%~ = [X/G] with G diagonalizable, then then the virtual orbifold X oper- 
ations make K(IX)q with its orbifold product into a rationally augmented 
X-ring with a compatible inertial dual. 

This A-ring structure has important consequences, as we now explain. Every 
A-ring has a semigroup of so-called X-positive elements which is an invariant of 
its A-ring structure. In classical if-theory, where the A-ring structure is obtained 
by taking exterior powers, the class of every vector bundle is A-positive, and any 
A-positive element shares many of the attributes of the class of a vector bundle 
(Proposition 17. lj) . Specifically, a A-positive element in if-theory has an Euler class 
in both if -theory and Chow theory, and elements of A-degree 1 behave formally 
like line bundles. Consequently, whenever an inertial K-theory ring has a A-ring 
structure compatible with its inertial Chern classes and inertial Chern character, 
then its semigroup of A-positive elements will satisfy the aforementioned properties, 
but where all products, rank, Chern classes, and the Chern character are the inertial 
ones. Furthermore, in many cases, the semigroup of A-positive elements in inertial 
K-theory can be used to construct a nice presentation for inertial K-theory and 
inertial Chow theory. 

A major motivation for the work in this paper is mirror symmetry. Ruan's 
(cohomological) Hyper-Kahler Resolution Conjecture (HKRC) predicts that for an 
orbifold X with a hyper-Kahler resolution Z, the orbifold cohomology of X should 
be isomorphic as a ring (after tensoring with C) to the usual cohomology of Z . In 
view of Ruan's conjecture, a natural problem is to investigate whether there is an 
orbifold A-ring structure on orbifold if-theory that is isomorphic to the usual A-ring 
structure on K(Z). 

One place to look for hyper-Kahler structures is the cotangent bundles of com- 
plex manifolds. These naturally carry a holomorphic symplectic structure, and in 
many cases these are hyper-Kahler. In }EJK12j we prove that if X = [X/G], then 
the virtual orbifold Chow ring of IX (as defined in |GLS + 07] ) is isomorphic (after 
tensoring with C) to orbifold Chow ring of T*IX . Since the inertial pair defin- 
ing the virtual orbifold product is strongly Gorenstein, we expect that the A-ring 
structure (defined when G is diagonalizable) on K(IX) should be related to the 
usual A-ring structure on K(Z). 

When X is an orbifold, K(I X) typically has larger rank as an Abelian group 
than the corresponding Chow group A* (IX), while K(Z) and A*(Z) have the 
same rank by the Riemann-Roch theorem for varieties. Thus, it is not reasonable 
to expect an isomorphism of A-rings between K(I X) (with the virtual product) 
and K(Z) (with the tensor product). 

However, the Riemann-Roch theorem for Deligne-Mumford stacks implies that a 
summand K(I X), corresponding to the completion at the classical augmentation 
ideal in K(IX)q, is isomorphic as an Abelian group to A*(IX)q. Here we prove 
the remarkable result (Theorem I4.3j) that if (3$, =5^) is any inertial pair, then the 
classical augmentation ideal in K(IX)qs and inertial augmentation ideal generate 
the same topology on the abelian group K(IX). It follows that the summand 
K(IX) inherits any inertial A-ring structure from K(IX). 



4 



D. EDIDIN, T. J. JARVIS, AND T. KIMURA 



This allows us to formulate A-ring variant of the HKRC for orbifolds 2£ = [X/G] 
with G diagonalizable. Precisely, we expect there to be an isomorphism of A-rings 
(after tensoring with C) between K(I^) with its virtual orbifold product and 
K(Z) where Z is a hyper-Kahler resolution of T*i2T. 

In the final section of the paper, we show that this conjecture holds in the 
case of the weighted projective line P(l,n) for n = 2,3. To do this we compute 
the A-ring structure on K(I¥(l, n))c with the virtual orbifold product * V i r t, and 
the semi-group of A-positive elements. Using the virtual orbifold line elements in 
this semi-group, we obtain a simple presentation of the ring (K(IF(l, n))c, *virt) 
and a simple description of the virtual first Chern classes. We then show that 
the augmentation completion K(IF(l,n))c of K(IP(l,n))c is isomorphic as a A- 
ring to the ordinary K-theory K(Z)c of a toric resolution Z of the moduli space 
of the cotangent bundle stack T*P(l,n), thereby verifying the A-ring version of 
the HKRC for these orbifolds. We also obtain an isomorphism of Chow rings 
(A*(IF(1, n))c,*virt) — A*(Z)c that commutes with the corresponding Chern char- 
acters. 

Furthermore, we show that the semigroup of inertial A-positive elements induces 
an exotic integral lattice structure on (K(TF(1, n))c,* V irt) (and (A^(IgX)c, * V irt)) 
which corresponds to the ordinary integral lattice in K(Z)c (and A*(Z)c, respec- 
tively) . 

Finally, our analysis suggests the following interesting question. 

Question 1. Does there exist a category associated to the crepant resolution Z 
whose Grothendieck group (with C- coefficients) is isomorphic as a X-ring to the 
virtual orbifold K-theory (KQ(lQX)c,*virt)? 

1.1. Outline of the paper. We begin the paper by briefly reviewing the results of 
EJKlOl IEJK12] on inertial pairs, inertial products, and inertial Chern characters. 

We then briefly review A-ring and ^-ring structures in ordinary equivariant K- 
theory, including the Adams (power) operations, Bott classes, Grothcndicck's 7- 
classes, and some relations among these and the Chern classes. 

We then define, for Gorenstein inertial pairs, a theory of Chern classes and, 
for strongly Gorenstein inertial pairs, power (Adams) operations on inertial K- 
theory. Since the inertial pair associated to the virtual product of [GLS + 07] is 
always strongly Gorenstein, this produces Chern classes and power operations in 
that theory. 

We show that for strongly Gorenstein inertial pairs, inertial Chern classes satisfy 
a relation analogous to the that for usual Chern classes, expressing the Chern 
classes in terms of the orbifold ip and A operations. Finally we prove that if G 
is diagonalizable, the orbifold Adams operations are homomorphisms relative to 
the inertial product. In particular, this shows that the virtual K-theory of a toric 
Deligne-Mumford stack has ip- and A-ring structures. We also give an example 
to show that the diagonalizability condition is necessary for obtaining a A-ring 
structure. 

We then develop the theory of A-positive elements for a A-ring and show that 
A-positive elements of degree d share many of the same properties as classes of rank 
ci-vector bundles; for example, they have a top Chern class in Chow theory and an 
Euler class in K-theory. We also introduce the notion of an inertial dual which is 
needed to define the Euler class in inertial K-theory. 



INERTIAL CHERN CLASSES AND COMPATIBLE POWER OPERATIONS 



5 



We conclude by working through some examples, including that of 3§[i2, and the 
virtual K-theory of the weighted projective lines P(l, 2) and P(l, 3). 

The A-positive elements, and especially the A-line elements in the virtual theory, 
allow us to give a simple presentation of the K-theory ring with the virtual product 
and a simple description of the virtual first Chern classes. This allows us to prove 
that the completion of this ring with respect to the augmentation ideal is isomorphic 
as a A-ring to the usual K-theory of the resolution of singularities of the cotangent 
orbifolds T*P(1,2) and T*P(1,3), respectively. 
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Workshop at BIRS for their support where part of this work was done. The second 
author wishes to thank Dale Husemoller for helpful conversations and both the 
Max Planck Institut fur Mathematik in Bonn and the Institut Henri Poincare for 
their generous support of this research. The third author wishes to thank Yunfcng 
Jiang and Jonathan Wise for helpful conversations and the Institut Henri Poincare, 
where part of this work was done, for their generous support. 

2. Background material 

To make this paper self-contained, we recall some background material from the 
papers [EJK101 |EJK12j . but first we establish some notation and conventions. 

2.1. Notation. We work entirely in the complex algebraic category. We will work 
exclusively with smooth Deligne-Mumford stacks 3C which have finite stabilizer, 
by which we mean the inertia map, ISC — > SC is finite. We will also assume that 
every stack SC has the resolution property. This means that every coherent sheaf 
is the quotient of a locally free sheaf. This assumption has two consequences. The 
first is that the natural map K(SC) — > G(SC) is an isomorphism, where K(SC) is 
the Grothendieck ring of vector bundles, and G(SC) is the Grothendieck group of 
coherent sheaves. The second consequence is that SC is a quotient stack |EHKV0T] . 
This means that S£ = [X/ G] , where G is a linear algebraic group acting on a scheme 
or algebraic space X. 

If SC is a smooth Deligne-Mumford stack, we will implicitly choose a presenta- 
tion SC = [X/G]. This allows us to identify the Grothendieck ring K(SC) with the 
equivariant Grothendieck ring K G {X), and the Chow ring A*(SC) with the equivari- 
ant Chow ring A G (X). We will use the notation K(3C) and Kq(X) (respectively 
A*(SC) and A* G (X)) interchangeably. 

Definition 2.1. Let G be an algebraic group acting on a scheme or algebraic space 
X. We define the inertia space 

I G X :={(g,x)\gx = x}CGxX. 

There is an induced action of G on IqX given by g ■ (m,x) = (gmg" 1 , gx). The 
quotient stack ISC :— [IaX/G] is the inertia stack of the quotient stack SC := 
[X/G]. 

More generally, we define the higher inertia spaces to be the fc-fold fiber products 
I h G X = I G Xx x ... x x I G X. 
The quotient stack l k SC := \Jl G X/G\ is the corresponding higher inertia stack. 
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The assumption that X has finite stabilizer means that the projection JgX -> X 

is a finite morphism. The composition /i: G x G *■ G induces a composition 

fi: IqX ► X. This composition makes IqX into an A-group with identity 

section X IqX given by x i-» (1, x). 

Definition 2.2. Let $ c G be a conjugacy class and let J(^) = {(g, x)\gx = i,j£ 
C G x X . More generally, if $ C G f is a diagonal conjugacy class, we define 
I ($) = {(mi, . . . mi, a;) | (mi, . . . , me) G $ and mix = x for all % = 1, . . . , £}. 

By definition, !(*?) and are G-invariant subsets of IqX and 1 G (X), re- 

spectively. If G acts with finite stabilizer on X, then is empty unless 

consists of elements of finite order. Likewise, is empty unless every £-tuple 

(mi, . . . , mi) G $ generates a finite group. Since conjugacy classes of elements of 
finite order are closed, l(&) and are closed. 

Proposition 2.3. flEJKlOl Prop. 2.11, 2.17]) If G acts with finite stabilizer on X, 
then J(^ r ) = for all but finitely many "J/ , and the I{^) are unions of connected 
components of IqX . Likewise, I ($) is empty for all but finitely many diagonal 
conjugacy classes $ C G e , and each ¥($>) is a union of connected components of 
l G {X). ' 

We frequently work with a group G acting on a space X where the quotient stack 
[X/G] is not connected. As a consequence, some care is required in the definition 
of the rank and Euler class of a vector bundle. Note that for any X, the group 
A G (X) satisfies A G (X) — Z £ , where I is the number of connected components of 
the quotient stack 3£ = [X/G]. 

Definition 2.4. For any a £ Kq(X) we define the rank of a to be rk(a) := 
Ch°(a) G A° G {X) = Z*. 

If E is a G equivariant vector bundle on X , then the rank of E on the connected 
components of X — [X/G] is bounded, since we assume that 2£ has finite type. 

Definition 2.5. If E is a G equivariant vector bundle on X, the element X-x(E*) — 
X^ (-l) l [A l i;*] G K G (X) is called the K-theoretic Euler class of £. (Note that 
this sum is finite.) 

Likewise, we define the element c t0 p(£') £ A* G {X), corresponding to the sum 
of the top Chern classes of E on each connected component of [X/G], to be the 
Chow-theoretic Euler class of E. These definitions can be extended to any non- 
negative element by multiplicativity. It will be convenient to use the symbol eu(^) 
to denote both of these Euler classes for a non- negative element & 6 Kq(X). 

Definition 2.6. We define the augmentation homomorphism e : Kq(Y) ► Kq(Y) 

to be the map which, for each connected component [U/G] of [V/G], sends each & 
in Kq(Y) supported on U to the rank of & times the structure sheaf ffjj 

e(3?\u) :=Ch°{^[ u )ff u . 

It follows immediately that 

eoe = e, (1) 
Ch°oe = Ch°. (2) 

Definition 2.7. An augmented ring is a commutative unital ring (R, •, 1) together 

with an endomorphism e : R R satisfying Equation ([T]). The kernel of e is 

called the augmentation ideal. 
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2.2. Inertial products, Chern characters, and inertial pairs. We review 
here the results from }EJK12j . defining a generalization of orbifold cohomology, 
obstruction bundles, age grading, and stringy Chern character, by defining inertial 
products on Kq(IqX) and A* g {IqX) using inertial pairs (M,Y), where St is a 
G-equivariant vector bundle on I G X and £ Kc(IgX)q is a non- negative class 
satisfying certain compatibility properties. 

For each such pair, there is also a rational grading in Chow, and a Chern charac- 
ter ring homomorphism. There are many inertial pairs, and hence there are many 
associative inertial products on Kg{IgX) and A* g (IgX) with rational gradings 
and Chern character ring homomorphisms. The orbifold products on K(IS£~) and 
A*(I3&) and the Chern character homomorphism of JKK07^ are a special case, as 
is the virtual product of [GLS+07] . 

Definition 2.8. If Si is a vector bundle on I G X we define products on A* g (IgX) 
and Kq{IqX) via the following formula: 

x*t%V-= /j* {e\x ■ e* 2 y ■ eu(Si)) , 

where x, y S A g (IgX) (respectively Kg(IgX)) where /x: 
position map and e%, e 2 ■ I G X are the evaluation maps. 

To define an inertial pair requires a little more notation from |EJK10| . which 
we recall here. Consider (mi, m2, 7773) £ G 3 such that m\mim-}, — 1, and let 
$1,2,3 be the conjugacy class of (7711,7712,7713). Let $12,3 be the conjugacy class of 
(77117772,7773) and $1,23 the conjugacy class of (7771,77727773). Let be the con- 
jugacy class of the pair (777^,777^) with i < j. Finally, let ^123 be the conjugacy 
class of 777177727773; let i&ij be the conjugacy class of ro^m^-; and let ^ be the conju- 
gacy class of m*. There are composition maps ^12.3: I 3 ($i.2,3) *" I 2 ($i2,3), and 

A*i,23: I 3 ($i,2,3) I 2 ($i,23), and /_ti 23 : I 2 ($i,2,3) /(^m)- The various 



1%X 



(3) 

IqX is the corn- 



maps we have defined are related by the following Cartesian diagrams of l.c.i. mor- 
phisms. 



I 3 ($l,2, 3 ) — I 2 ($l 



J ($l,2,3) ^ I 2 (<&2, 3 ) 



(4) 



2 ($12, 3 ) 



J(* 12 ) I 2 ($l, 23 ) 



/(*23) 



Let i?i ,2 and £2,3 be the respective excess normal bundles of the two diagrams 

Definition 2.9. Given a non-negative element 5? G Kg(IgX)q and G-equivariant 
vector bundle Si on I G X we say that (M, ,5^) is an inertial pair if the following 
conditions hold: 

(a) The identity Si = e\ST + - ^*,Y + T M holds in K G (I%X) 

(b) = € for every conjugacy class $ C G x G such that ei(<&) = 1 or 
e 2 ($) = 1. 

(c) 7*^" = where i: IgX I G X is the isomorphism i(mi,m 2 ,x) — 

(777l777277l 1 " 1 , 777l, x). 

(d) e\ 2 Si + nt 2 ,3^ + Ei,2 = e 2,3^ + Mi, 23^ + ^2,3 for each triple mi, 777 2 , 7773 

With 777177727773 = 1. 



Proposition 2.10 ( EJK10, §3]). If(M,S^) is an inertial pair, then the-kgg product 
is commutative and associative with identity lx, where lx is the identity class 
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in A* G (X) (respectively K G (X)), viewed as a summand in A G (I G X) (respectively 
K G (I G X)). 

Proposition 2.11. [EJK12, Prop 3.8] If(3$,S?) is an inertial pair, then the map 
Vh: K G (I G X) q ► A* G (I G X) Q , 

defined by 

Vh(V) = Ch(V) • Td(--5"), 

is a ring homomorphism with respect to the -kag-inertial products on K G (I G X) and 
A* G (I G X). 

Definition 2.12. We define the 5^-age on a component U of I G X corresponding 
to a connected component [U/G] of I G X to be the rational rank of 5f on the 
component U: 

age^(C/)=rk(^)^. 

We define the 5? '-degree of an element x G A G (I G X) on such a component U of 
I G X to be 

deg^xlu = degx\ u + age y ,(U), 

where deg x is the degree with respect to the usual grading by codimension on 
A* G (I G X). Similarly, let & in K G (I G X) be an element supported on U, then its 
^-degree is 

deg^ & = age^>(U) mod Z. 
This yields a Q/Z-grading of the group K G (I G X). 

Proposition 2.13. [EJK12J Prop 3.11] If (&,J?) is an inertial pair, then the 
3%-inertial products on A* G {I G X) and K G (I G X) respect the y -degrees. Further- 
more, the inertial Chern character homomorphism c Ch : K G (I G X) ► A* G (I G X) 

preserves the 5? -degree modulo Z. 

Definition 2.14. Let A G ^ (I G X) be the subspace in A* G (I G X) of elements with 
an ^-degree of q G Q e , where £ is the number of connected components of ISC 

Definition 2.15. Let (38, S^) be an inertial pair, and let I be the number of 
connected components of ISC — [I G X/G]. The subring of K G (I G X) consisting of 
all elements of ^-grading G (Q/Z) £ is called the Gorenstein subring K G (I G X) 
of K G (I G X), and the subring of A* G (I G X) consisting of all elements of ^-degree 
in 7L l C Q e is called the Gorenstein subring A G (I G X) of A* G (I G X). 

Definition 2.16. Given a class G K g (I g X)q, the restricted homomorphism 

c (oh : K G (I G X) *■ A G ^ (I G X) is called the inertial rank for 5? or just the 

5? '-rank. 

The inertial augmentation homomorphism e: K G (I G X) K G (I G X) is the 

map which for each connected component [U/G] of [(I G X)/G] sends each & in 
K G (I G X) supported on U to 

7(.?\ u )=Vh°(.?\ u )0 u . 

Hence, under the conditions of the previous Proposition, (K G (I G X),-k, l,e) is an 
augmented ring. 
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— 

Remark 2.17. Note that the restriction c $n (J^") of the inertial rank to a given 
component is equal to the classical rank if the ^-age of that component is zero, 



and {&) 



vanishes if the age is non-zero. 

u 



Definition 2.18. An inertial pair {M,Y) is called Gorenstein if 5? has integral 
rank and strongly Gorenstein if Y is represented by a vector bundle. 

The Deligne-Mumford stack i?T = [X/G\ is strongly Gorenstein if the inertial 
pair {3% = LR(T),y) associated to the orbifold product (as in [EJKTO ) is strongly 
Gorenstein. 

2.3. Inertial pairs associated to vector bundles. As mentioned above, for each 
vector bundle V G Kg(X), we can construct two inertial pairs (& + V, .y+V) and 

{^-v,y-v). 

Definition 2.19 ( EJ K12) '). Let <£> C G x G be a diagonal conjugacy class. We 
may identify K G (I 2 ($)) with K ZG{gug2) {X^^) for any (gi,g 2 ) G and we de- 
fine elements R + V and R~V in Kg(^qX) by setting the component of R + V in 
if G (I 2 ($)) to be 

R + V\ p(9) =L{g 1 ){V\ XS u9.) + L{g 2 )(V\ xa u S .)-L{g 1 g 2 ){V\ xai , S2 ), (5) 

and the component of R~V in Kc(p{&)) to be 

R~V\^ m = L(g^)(V\ xsl . S2 ) + L(g^)(V\ xsl „) ~ L(g^g^)(V\ xsl . S2 ), (6) 

where L(g)(E) is the logarithmic trace of E, as defined in [EJK10, Def 4.3]. This 
definition is independent of the choice of the pair (gi, g 2 ) G 

Similarly, we define classes S ± V G Kg(IgX)q by setting the restriction of 
S ± V to the summand Kg(I{^)) of Kg(IgX) to be the class Morita equivalent 
to L{g ±1 ){V) G K Za ^{X 9 ), where g G \P is any element of the conjugacy class 
IcG. 

Theorem 2.20 (|EJK12 .). For any G-equivariant vector bundle V on X, let T 
denote the tangent bundle of JT = [X/G]. The pairs (M+V,Y+V) := (LR(T) + 
R+V,.YT + S+V) and (M~V,y-V) := (LR(T) + R~V, YT + S~V) are inertial 
pairs; hence, they define commutative, associative inertial products with a Chern 
character homomorphism. 

The orbifold products on K(I^) and A*(I3£) and the Chern character homo- 
morphism of JKK07] correspond to the inertial pair arising from the trivial vector 
bundle on 5£ , and the virtual product considered by [GLS + 07 is the product as- 
sociated to the inertial pair (&~T, Y~T). 

3. Review of A-ring and tp-RWG structures in equivariant K-theory 

In this section, we review the A- and ip-r'mg structures in equivariant K-theory 
and describe the Bott cannibalistic classes 9^ , as well as the Grothendieck 7-classes. 
The main theorems about these classes are the Adams-Riemann-Roch Theorem 
(Theorem 13.181) and Theorem 13.131 which describes relations among the Chern 
Character, the ^-classes, the Chern classes, and the 7-classes. 

Recall that a A-ring is a commutative ring R with unity 1 and with a map 
A t : R R[[t]], where 

A t (a)=:^A>)t\ (7) 

i>0 
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such that the following are satisfied for all x, y in R and for all integers m, n > 0: 

(1) A (a) = 1 for all a E R, 

(2) A t (l) = l + *. 

(3) A J (x) = x, 

(4) X t (x + y) = Xt(x)X t (y), 

(5) X n (xy) = PniX^x), . . . , A™ (a;), X 1 (y), X n (y)), 

(6) X m (X n (x)) =P min (X 1 (x),...,X mn {x)), 

where P„, and P m , n are certain universal polynomials which are independent of x 
and y (see [FL851 §1.1]). 

If, moreover, the A-ring R is a K-algebra, where K is a field of characteristic 0, 
then we call (R, •, 1, A) a X-algebra over K if, for all a in K and all a in R, we have 

X t (aa) = X t (a) a := exp(alogA t ). (8) 

Note that log At makes sense because any series for At starts with 1. 

Remark 3.1. The significance of the universal polynomials in the definition of a 
A-ring is that one can calculate X n (xy) and A" 1 (A™ (a;)) in terms of X l (x) and X^(y) 
by applying a formal splitting principle. 

For example, suppose we wish to express Xt(x ■ y) in terms of Xt(x) and Xt(y). 
First, replace x by the formal sum x i-> X^i x ii where we assume that Xt(xi) — 
1 + txi for all i, and similarly replace y by the formal sum y t— > X^i Hi m ^t(x ■ y), 
where we assume that Xt{yi) = 1 + tyi for all i, The fact that Xt(xi) = 1 + txi and 
Xt(yj) = 1 + tyj means that Xt(xiyj) = 1 + txiyj, and multiplicativity gives us 

oo 

At (x ■ y) i->- ]J (1 + teiy^). 

i>i=l 

Therefore, X n {x ■ y) corresponds to the n-th elementary symmetric function e n (xy) 
in the variables {a^J/jjf^i, but e n (xy) can be uniquely expressed as a polynomial 
P„ in the variables {e\(x), . . . , e n (x), ei(y), . . . , e n (y)}, where e q (x) denotes the g-th 
elementary symmetric function in the {xi}^L 1 variables and e r (y) denotes the r-th 
elementary symmetric function in the {yi}f^i variables. Replacing e q (x) by X q (x) 
and e r (y) by X r (y) in P„ for all q, r 6 {1, . . . ,n} yields the universal polynomial 
P„(A 1 (x), . . . , A™(x), A 1 (y), . . . , X n (y)) appearing in the definition of a A-ring. 
A similar analysis holds for P m ,n- 

A closely related structure is that of a ^-ring. 

Definition 3.2. A commutative ring R with unity 1, together with a collection of 

maps ip n : R * R for each n > 1, is called a ^-ring if, for all x, y in R and for 

all integers n > 1, we have 

(1) i^ix) = x, 

(2) ip n (x + y)'=i/j n (x)+i/j n (y), 

(3) ^ n {xy) = iP n {x)i; n (y), 

(4) ^ m (^"(a;)) = ?A m "(a;)- 

The map : i? ► R is called the i-th Adams operation (or power operation). 

If the -0-ring (R, •, 1, ip) is a K-algebra, then (i?, •, 1, iji) is said to be a i[)-algebra 
over K if, in addition, -0™ is a K-linear map. 
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Theorem 3.3 (cf. [Knu73 p. 49). Let (R, •, 1, A) be a commutative X-ring, and let 
ipt '■ R *■ R[[t]) be given by 

dlogA_ t 

Expanding ip t as ipt '■= X)n>i( — l) n ip n t n defines ip n : R ► R for all n > 1, and 

the resulting ring (R, •, 1, ip) is a ip-ring. 

Conversely, if (R, •, l,tp) is a ij)-ring and if Xt ■ Rq >- is defined by 

A * = e *p ^Et- 1 )^ 1 ^) . ( 10 ) 

£/ien (i?Q, ■, 1, A) is a X-algebra over Q. 

Remark 3.4. As in Remark 13.11 the fe-th A operation, X k , corresponds to the 
fc-th elementary symmetric function. Equation (|10[) implies that the fc-th power 
operation, ip k , corresponds to the k-th power sum symmetric function since this 
equation is nothing more than the relationship between the elementary symmetric 
functions and the power sums. 

Let G be an algebraic group acting on an algebraic space X. The Grothendieck 
ring (Kq{X) 1 •, 1) of G-equivariant vector bundles on X is a commutative ring with 
unity, where we have used • to denote the tensor product and 1 to denote the 
structure sheaf &x of X. 

It is well known that (non-equivariant) K-theory with exterior powers is a A ring 
and the associated ip ring satisfies ^i fc (_£f) = Jf® fc for all line bundles Jf. Since 
the exterior powers (and the associated ip operations) respect G-equi variance, the 
following theorem is immediate. 

Theorem 3.5 (cf. [K6c98], Lemma 2.4). For any G-equivariant vector bundle V 
on X, define X k (\V}) to be the class [A fc (]/)] of the k-th exterior power of V . This 
defines a X-ring structure {Kq{X), •, 1, A) on all of Kq{X). The corresponding ip- 
ring structure on {K~g{X), •, 1) has the property that for any line bundle J? and 
integer k > 1, 

tP k (^)=^ m . (11) 

Remark 3.6. The splitting principle |FL85| guarantees that Equation (|11[) can be 
used to define the Adams operations on all of Kg{X). 

Remark 3.7. The A-ring Kq(X) has still more structure, since any element can 
be represented as a difference of vector bundles. The collection of classes of vector 
bundles E in Kq{X) endows the A-ring Kg(X) with a positive structure [FL85J. 
Roughly speaking, this means that E is a subset of the A-ring consisting of elements 
of non-negative rank such that any element in the ring can be written as differences 
of elements in E, and for any & of rank-d in E, At(J^) is a degree d polynomial 
in t, and X d {J^) is invertible (i.e., X d (.jP) is a line bundle). Furthermore, E is 
closed under addition (but not subtraction) and multiplication; E contains the 
non-negative integers; and there are special rank-one elements in E, namely the 
line bundles; and various other properties also hold. A positive structure on a 
A-ring, if it exists, need not be uniquely determined by the A-ring structure, nor 
does a general A-ring possess a positive structure. For example, if G = GL„, then 
the representation ring R{G) can be identified as a subring of Weyl group-invariant 
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elements in the representation ring R(T), where T is a maximal torus and the A- 
ring structure on R(T) restricts to the usual A-ring structure on R(G). However, 
the natural set of positive elements in R(T) is generated by the characters of T, 
and this restricts to the set of positive symmetric linear combinations of characters 
which contains, but does not equal, the set of irreducible representations of G. 

However, in Section [6l we will introduce a different but related notion called a 
X-positive structure, which is a natural invariant of a A-ring. It is this notion which 
will play a central role in our analysis of inertial K-theory. 

The A- and tp-rmg structures behave nicely with respect to the augmentation. 

Proposition 3.8. For all & in Kq(X) and integers n > 1, we have 

e{r{&)) = = <<n (12) 

and 

e{\ t {&)) = \ t {e{&)) = {l+t)<*\ (13) 

Proof. Assume that [X/ G] is connected. Equation (fT3| holds if & is a rank d G- 
equivariant vector bundle on X since has rank (r) . Since Kq(X) is generated 

under addition by isomorphism classes of vector bundles, the same equation holds 
for all & in Kq(X) by multiplicativity of At. 

If [X/G] is not connected, then we have the ring isomorphism Kq{X) = (J) Q Ko(X a ), 
where the sum is over a such that [X a /G] is a connected component of [X/G]. 
Equation ([13]) follows from multiplicativity of At . Equation (|12p follows Equations 
03) and ©. " □ 

This motivates the following definition. 

Definition 3.9. Let (i?, •, 1, e) be an augmented ring. (R, •, 1, xjj, e) is said to be an 
augmented ip-ring if (i?, ■, 1, if}) is a ip-rmg and Equation (|12j) holds for all integers 
n > 1. Let -0° := (■ 

We say that (i?, ■, 1, A, e) is an augmented X-ring if (R, •, 1, A) is a A-ring which 
is a Q-algebra, if e is an augmentation of R, and if Equation (TIB"]) holds. Here the 
expression (1 + t) x for an arbitrary element x of the Q-algebra R should be taken 
to mean 

n=0 ^ ' 

where 

(A := ^ := nSH) ^ 

\nj nl nl 

Remark 3.10. The definition ip° = e is consistent with conditions in the 
definition of a ^-ring (Definition I3.2[) . 

The previous proposition implies that ordinary equivariant K-theory is an aug- 
mented -0-ring. In fact, the equivariant Chow ring is also an augmented ip -ring. 

Definition 3.11. For all n > 1, the homomorphism tp n : A* G (X) ► A* G (X) 

defined by 

iP n (v)=n d v (14) 
for all v in A G (X) endows A G (X) with the structure of a -0-ring and, therefore, 

A g (X)q with the structure of a A-ring. The augmentation e : A* G (X) ► A G (X) 

is the canonical projection. 
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Associated to any A-ring there is another (pre-A-ring) structure usually denoted 
by 7. 

Definition 3.12. Let (R,-,1,X) be a A-ring. Define the Grothendieck ^-classes 
7t : R *■ R[[t]} by the formula 



It ■- 



£tV:=A t/(1 _ t) . (15) 



i=0 



Theorem 3.13 (cf. [FL85j ) ■ If Y is a connected algebraic space with a proper 
action of a linear algebraic group G, and if, for each non-negative integer i, we 
denote by Ch l the degree-i part of the Chern character and by c l the ith Chern 
class, then the following equations hold for all integers n > 1, i > and for all ^ 
in Kq{Y): 

Ch'oT// 1 ^n'Ch 4 , (16) 



c t (^)=exp J Yj-W 'in - I )!/"Oh" ( T \ j . (17) 

and 



,n>l 



c l {&) = Ch l ( 7 l (J?-e(,i^))). (18) 

Remark 3.14. Equation (JTHJ) is precisely the statement that the Chern character 
Ch : Kg(X)q >- Aq(X)q is a homomorphism of ip (and therefore A) rings. 

In order to define inertial Chern classes and the inertial A- and -0-ring structures, 
we will need the so-called Bott cannibalistic classes. 



Definition 3.15. Let Y be an algebraic space with a proper action of a linear 
algebraic group G. Denote by Kq(Y) the semigroup of classes of G-equivariant 
vector bundles on Y. 

For each j > 1, the j-th Bott (cannibalistic) class J : Kq(Y) Kq{Y) is 

the multiplicative class defined for any line bundle ££ by 

1 — ^ 

9 j (^) = T -— = J2^ i - (19) 

i=0 

By the splitting principle, we can extend the definition of 6^ (JF) to all J? in Kq(Y), 

We will need to define Bott classes on elements of integral rank in rational K- 
theory. This can be done in a straightforward manner using a binomial expansion, 
but the resulting Bott class will lie in the augmentation completion of rational 
K-theory. 

Definition 3.16. Let denote the kernel of the augmentation e : Kq(Y) ► Kg(Y). 

It is an ideal in the ring (Kg(Y), •), where ■ denotes the usual tensor product, and 
it defines a topology on Kg(Y). We denote the completion with respect to that 
topology by K G (Y) q . 

The following proposition is straightforward. 

Proposition 3.17. For elements of Kq(Y)<q of integral rank, we can use a binomial 
expansion to define the Bott class as an element of the augmentation completion 
Ka(Y)q. 
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We will also need the following result. 

Theorem 3.18 (The Adams- Riemann-Roch Theorem for Equivariant Regular Em- 
beddings [K6c91, K6c98]). Let l : Y c — ►- X be a G -equivariant closed regular em- 
bedding of smooth manifolds, then the following diagram commutes for all integers 
n > 1: 



K G {Y) 



K G (Y) 



(20) 



K G (X) v > K G (X), 
where N* is the conormal bundle of the embedding t. 

4. Augmentation ideals and completions of inertial X-theory 

We will use the Bott classes of to define inertial A- and ip-xing structures 
as well as inertial Chern classes. Since 5? is generally not integral, we will often 
need to work in the augmentation completion K g (I g X)q). However, it is not a 
priori clear that the inertial product behaves well with respect to this completion, 
since the topology involved is constructed by taking classical powers of the classical 
augmentation ideal instead of inertial powers of the inertial augmentation ideal. 
The surprising result of this section is that these two completions are the same. 

Definition 4.1. Given any inertial pair (M,^), define ay to be the kernel of the 

inertial augmentation e : K G (I G X) >- K G (I G X). It is an ideal with respect 

to the inertial product * := Define disc to be the kernel of the classical 

augmentation e : K G {I G X) ► K G {I G X). It is an ideal of K G (I G X) with 

respect to the usual tensor product instead of the inertial product. 

Each of these two ideals induces a topology on K g (I g X)q, and we also consider 
a third topology induced by the augmentation ideal agg G of R(G). By EG00, 
Theorem 6.1a] the aag G -a,dic and o/a'-adic topologies on K g (I g X)q are the same. 
In this section we will show that the a y-&d\c topology agrees with the other two. 

Lemma 4.2. If (M,^) is an inertial pair, then (K G (I G X),-k^) is an R(G)- 
algebra. 

Proof. By definition of an inertial pair, if a± € K G (X) is supported in the untwisted 

sector and /?* £ K G (I(^), then a\ = /£a • (3, where : *■ X is the 

projection. 

The projection formula for equivariant if -theory implies that if x S R(G), then 
= xl -kgz /?*■ Hence K G (I G X,-ksi) is an i?(G)-algebra. □ 

Theorem 4.3. The a.sg G -adic, ai G x-adic, and ay-adic topologies on Kq{IqX)q 
are all equivalent. In particular the a,gg G -adic, the ai G x-adic, and the ay-adic 
completions of K g (I g X)q are equal. 

Proof. The main application of Theorem l4.3l is when G is diagonalizable, so we will 
give the proof only in that case. The case for general G is similar but notationally 
more complicated. To prove that the topologies are equivalent we must show that 
two conditions are satisfied. 
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(1) For each positive integer n there is a positive integer r, such that 

a% r G K G (I G Xh C 

(2) For each positive integer n there is a positive integer r, such that 
M* r C ag» tf G (J G X) Q . 

Condition (p} follows from the observation that a^c-Kc^IcX) C ay and the 
fact that (K(IcX),-k) is an i?(G)-algebra. In particular we may take r = n. 

Condition (0) is more difficult to check. Given a G-space Y, we denote by ay 
the subgroup of Kq{Y) of elements of rank 0. This is an ideal with respect to the 
tensor product. 

For each connected component [U /G] of [IqX/G], the inertial augmentation sat- 
isfies %h (a) = 0ifage^([[//G]) > and %h Q (a) = Chofa)^ if &gey([U/G\) = 

[EJK121 Thm 2.3.9]. So the ideal ay has the following decomposition as an 
Abelian group 

ay= a v ® K G (U). 

age^([U/G])=0 ago^([C//G])>0 

Lemma 4.4. If m e G with a G ^(X" 1 ) Hay, and /3 G K G (X m 'jflay, i/ien 

Proof. Since mmT 1 — 1, we have a*/3 G -ftTc^ 1 ) C Kq(IgX), so we must show 
that a*/3 G ax- First note that if age^[X m /G] = 0, then a m G ox™, so the 
inertial product 

/i*(eio: • eJjj/S • eu(^)) 

would automatically be in ox because the finite pushforward /u* preserves the clas- 
sical augmentation ideal. 

Thus we may assume that age^>([X m /G]) and &gey([X m /G]) are both non- 
zero and that a and j3 have non-zero rank as elements of Kc{X m ) and Ka(X m ), 
respectively. If the fixed locus X m,m has positive codimension, then /i* : KQ{X m ' m 
Kq(X) is also in the classical augmentation ideal, since it consists of classes sup- 
ported on subspaces of positive codimension. On the other hand, if X m ' m = X, 
then T [i\ Xm m -\ = 0. By definition of an inertial pair, ,S fi \x^ — 0, so &\ xm:m -i = 
el^S + eiy is a non-zero vector bundle. It follows that eu.(£l\ xm , m -i ) G a Xm-m -i , 
and once again a * G ax ■ O 

Since G is diagonalizable and acts with finite stabilizer on X, there is a finite 
Abelian subgroup H C G such that X 9 — for all g ^ H . Let N be the maximum 
order of an element of H, and let s = \H\ N 

Lemma 4.5. The (s + l)-fold inertial product (ay)*^ s+1 ^ is contained in ai G x- 

Proof. By definition of the integer s, any s + 1-fold product m\mi ■ ■ ■ m s+ i in H can 
be written as mm^m! for some m, and m! in H. Correspondingly, we may write 
any product of the form a mi • -*a ms+1 with a mi G KG(X mi ) as a m */3 m -i *7 m < 

for some a m G K G (X m ), (3 m G ^(X™ -1 ), and 7m , G if G (X ro '). The lemma now 
follows from Lemma l4~4l □ 



To complete the proof, observe first that we may use the equivalence of the 
<J.^G-adic and the dp -adic topologies in the ring (Kg&jX),®) to see that for any 
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n there is an r such that af/ x C a% r G K G {I G X). This implies that n*(af 2 r x ) C 
a% n G K G (I G X). It follows that a/ {s+1)) C a% n G K G (I G X), as required. □ 

Since the three completions are all equal, we will not distinguish between them 
from now on, but will call them all the augmentation completion and denote them 
by K g (I g X)q. Note that this completion is a summand in Kq(I g X)q. 

5. Inertial Chern classes and power operations 

In this section we show that for each Gorenstein inertial pair S 9 ) and corre- 
sponding Chern Character ffli, we can define inertial Chern classes. When S") 
is strongly Gorenstein, there are also ip-, A-, and 7-operations on the corresponding 
inertial K-theory ring K G (I G X). These operations behave nicely with respect to 
the inertial Chern character and satisfy many relations, including an analog of Thc- 
orem nnUl In addition, when G is diagonalizable these operations make the inertial 
if-theory ring K G (I G X) into a i/;-ring and (after tensoring with Q) a A-ring. 

5.1. Inertial Adams (power) operations and inertial Chern classes. We 

begin by defining inertial Chern classes. We then define inertial Adams operations 
associated to a strongly Gorenstein inertial pair and show that, for a diag- 

onalizable group G, the corresponding rings are -0-rings and have many other nice 
properties. 

Definition 5.1. For any Gorenstein inertial pair (&,5^) the S 9 -inertial Chern 
series 

c t : K G {I G X) - A G (I G X) Q [[t]} 

is defined, for all & in K G (I G X), by 

ct(&) = SSp- ^(-l)"- 1 ^ - l)\t n Wi n {&) j , (21) 

where the exponential power series exp is defined with respect to the product 
and {^) is the component of Wi(^) in A*(I G X) with ^-age equal to n. For 
all i > 0, the i-th y -inertial Chern class c l (.j£) of & is the coefficient of t l in 

Remark 5.2. The definition of inertial Chern classes could be extended to the 
non-Gorenstein case by introducing fractionally graded J^-inertial Chern classes, 
but the latter does not behave nicely with respect to the inertial "0-structures. 

Definition 5.3. Let (if, S") be a strongly Gorenstein inertial pair. For all integers 

j > 1, we define the j-th inertial Adams (or power) operation ip^ : K G (I G X) K G (I G X) 

by the formula 

^(j?) : =^'(J*) -e^y*) (22) 

for all & in K G (I G X). (Here • is the ordinary product on K G (I G X).) 

Remark 5.4. If (if, S*) is Gorenstein, then S° has integral rank, and Propo- 
sition [3T7| states that (PiS**) may be defined as an element of the completion 
K g (I g X)q, so we can still define inertial Adams operations as maps ijp : K G (I G X) ►> K g (I g X)q. 
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Definition 5.5. Let (M,^) be a strongly Gorenstein inertial pair. We define 

Xt ■ Kg{IgX) KG(lGX)q[[t]] by Equation ((TU)) after replacing ip, A, and exp 

by their respective inertial analogs i/j, A, and exp: 

A t =cl$(^(-ir-V-] , (23) 



Further, define X 1 to be the coefficient of t % in At. We call X 1 the i-th inertial X 
operation. 

We will now prove a relation between the inertial Chern classes, inertial Chcrn 
character, and the inertial Adams operations, but to do this, we first need two 
lemmas connecting the classical Chern character, Adams operations, Bott classes, 
and Todd classes. 

Lemma 5.6. Let J? G Kg{IgX) be the class of a G-equivariant vector bundle on 
IgX . For all integers n > 1, we have the equality in A* g (IgX): 

Ch((T(JH) Td(-J^) = n ch °^ Td(-V n (^)). (24) 

More generally, if G Kg(IgX)q is such that & — J^i=i Q^^i; where % is a vec- 
tor bundle, a, gQ with 014 > for all i = 1, . . . , k, and Ch°(^) eZ'c A g (IgX)q, 
(£ is the number of connected components of [IgX/G]), then Equation \2J$ still 
holds in A g (IgX)q,, where 9 n {^*) is interpreted as an element in the completion 
Kg{IgX)q. 

Proof. Let «5f in Kg(IgX) be a line bundle with ordinary first Chern class c :— 
c 1 (^f). For all n > 1 we have 

Ch(0*(j2f*))Td(-js?) - Ch ( ^Trjp- ) ( Td ^))' 1 

1 - e -' 



e c / V 1 ^ e 

-1 

nc 



and we conclude that 

Ch(6» n (^*))Td(-^) = nTd(-ip n (3?)). 

Equation (|24|) now follows from the splitting principle, the multiplicativity of 9 n 
and Td, and the fact that Ch is a ring homomorphism. 

The more general statement follows the fact that Ch and Td factor through 
K G (I G X) Q , together with the fact that Ch ^'^) - j'W) = 0. □ 



We now define a K-theoretic Todd class that will be important for the proof of 
Theorem 15.161 
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Definition 5.7. Let Td K : Kg(IgX) ► Kg(IgX)q be the multiplicative class 

such that if _5f is an equivariant line bundle, then 

Td K (J?) = ^^f = l+ 1 -(J?-l)- 1 -(J?-l) 2 + -.- . (25) 

The map Td^ factors through the obvious projection Kg(IgX) ► Kg(IgX)q, 

so we use the same notation to denote the corresponding map Kg(IgX)q Kg{Ig 

A straightforward calculation gives the next lemma. 

Lemma 5.8. For all & in Kg(IgX)q, we have the identity 

Ch(Td x (jF)) =Td(J?). (26) 

Theorem 5.9. Let be a strongly Gorenstein inertial pair. Then for any 

a £ N and integer n > 1 

§MV-"(J?)) =n a ^h a (^) (27) 
in (IgX), where the grading is the -5? -age grading. 

Remark 5.10. If (M, S?) is on a Gorenstein inertial pair, then Equation (|27p holds 

in (IgX)q, where ip n is interpreted as a map tp n : Kg(IgX) » Kg{IgX)q 

(cf. Remark I5~ 



Proof. 



( &i{ip n (.?)) = c\\{;4' n {.?)e n {y*)) Td(-.y) 

= n^ c Ch(il> n (,^)Td K (-^ n (y))) 
= n agG Ch(7/;"(^Td K (-,y))) 

,age ' 



Y J Ch t {^ n (^Td K (-y))) 

i>0 

= ^n agc n i Ch ,; (^Td K (-J^)) 

i>0 

= ^n Q W*(J?), 



where the third equality follows from Equation (|24j) . the fourth from the definition 
of Td and then fifth from the fact that ip n and Td commute modulo the kernel of 

the completion map Kg(IgX) >- Kg(IgX); the sixth follows since tp n preserves 

the ordinary product, the seventh from Equation (j 16[) . The final equality follows 
from Equation ([26| . the fact that Ch preserves the ordinary product, and the 

— - a 

definition of c (gh . 

The second part of the theorem follows from the fact that c &i factors through 
the completion Kq(IgX)q- □ 
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Definition 5.11. Let {2%, 5?) be a strongly Gorenstein inertial pair. We define the 
inertial operations 7* on inertial K-theory as in Equation (|15[) . that is 

00 

7 t :=^;f :=A t/(1 _ t) . (28) 

i=0 

Remark 5.12. If {J%, is only Gorenstein, then we may still define 74 as a map 
K G (I G X) * K G {I G X)[[t]]. 

Theorem 5.13. Let be a Gorenstein inertial pair. The ,5f -inertial Chern 

series Ct ■ K G (I G X) ►> A g (L g X)q satisfies the following properties: 

Consistency with 7: For all integers n > 1 and for all & in K g (I g X)q, 
we have the following equality in A g (I g X)q 

2™ (J?) = ^™(7 n (^ - ?(J?))), (29) 

where jt * s interpreted as a map K g (I g X)q ►• K G (I G X)Q[[t}] . 

Multiplicativity: For all V and W in K G (I G X)q, 

Zeroth Chern class: For all Y in K g (I g X)q, 

= 1. 

Untwisted sector: For all & supported on the untwisted sector (i.e., J£" G 
K G (X 1 ) C Kq(IqX)), the inertial Chern classes agree with the ordinary 
Chern classes, i.e., 

(30) 

Classes of Unity: All the inertial Chern classes of unity vanish, except for 
5°(l): 

ct(l) = 1. (31) 

Remark 5.14. The theorem shows that Equation ([29)) yields an alternative, but 
equivalent, definition of inertial Chern classes. 

Remark 5.15. The previous theorem holds for a general inertial pair of a G-space 
X, provided that K G {I G X) and A* G (I G X) are replaced by their Gorenstein subrings 
K G (I G X) and A G (I G X), respectively. 

Proof. Multiplicativity and ~fP(V) = 1 follows immediately from the exponential 
form of Equation (|21J and the fact that is a homomorphism. 

On the untwisted sector, inertial products reduce to the ordinary products, and 
the inertial Chern character reduces to the classical Chern character, and this shows 
that Equation (|2"TT) agrees with Equation (fTT|) . which implies Equation ([50)1 . 

Equation (T5TT) will follow immediately from Equation (|29l) . 

The hard part of this proof is the consistency of the inertial Chern classes with 
7 (Equation (JH])). To prove this, it will be useful to first introduce the ring homo- 
morphism ffiit : K G (I G X) ► A* G (I G X)[[t)] (g>Q via 

Vht(P) :=^^h(^)t n . 

n>Q 
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For the remainder of the proof, all products are understood to be inertial products. 
We have the following equality in jfeCfe^Q [[*]]) 



\k>l ' 

= EH — *M-*> 



v fc>l 

\k-l 



Sp~ ( ( l \ Y ^h a (^)(kt) a u k 

k fc>l a>0 



( y ^h a (^)t a Yi- 1 )^ 1 ^' 1 



k>l 



where the first equality follows from the definition of A and the fact that "^h u is 
a ring homomorphism, and the second equality follows from Equation (|27p. From 
the definition of 74 , it follows that 



c ^ t (7«(^-e(^))) = K]^ l a (^-?(^))r^(-i) fc - 1 fc a - 1 [ T 

\a>0 k>i v 



A,- 

u 



n - 1 
k - 1 



u 

,a>0fc>l n>k 



\a>0 n>l fe=l ^ 

Sp I ^ ^h(&)t a Y - l)!5(a, u) ] 

\a>0 n>l J 



where 



1 ™ 

5(a,n) = -^(-l)» 

T7 I * » 



n! z — ' \ 7 



n 



3 



are the Stirling numbers of the second kind. Projecting out those terms which are 
not powers of z :— ut yields the equality 

Y %h(j e (^ - e(^)))z e = Sp~ I Y z'^h^i-iy^in - l)\S{n, i 

£>0 \s>0 

The identity S(n,n) = 1 and Equation ([21]) yields Equation <j29j). □ 

5.2. tp- and A-ring structures on inertial K-theory. The main result of this 
section is the following: 

Theorem 5.16. Let G be a diagonalizable group and let (&,.y) be a strongly 
Gorenstein inertial pair on IqX . The ring (Kg^IgX),-*;^, l,?,^) is an augmented 
i/i-ring. 
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Moreover, for general (possibly non-diagonalizable) G and any inertial pair (M, S fi ), 
the augmentation completion of the Gorenstein subring Kq(IqX) of Kq(IqX) is 
an augmented tp-ring. 

With a little work we get the following corollary. 

Corollary 5.17. Let (M,^) be a strongly Gorenstein inertial pair with G diago- 
nalizable. Then (Kq^IgX)^,*^, 1, A) is an augmented X-ring. 

Moreover, for general (possibly non-diagonalizable) G and any inertial pair S^), 
the augmentation completion of the Gorenstein subring Kg(IgX) of Kg(IgX) is 
an augmented X-ring. 

Proof of Corollary \5.17\ Combining Theorem 15.161 with Theorem 13.31 all that we 
must prove is that 

?(A t (^))=A t (?(^)) = (l + tf(^). (32) 

Here we have omitted the * from the notation, but all products are the inertial 
product *, and exponentiation is also with respect to the product *. 
For all & e K G (I G X), we have 

?(A t (^)) = ^t i ?(A i (^)) I 

but 

e(A t (^)) 



where we have used the fact that e o ip n = e (by Theorem I5.16[) in the third line. 

Finally, we also have that At(?(J^")) = (1 + t) e ^\ since ? commutes with by 
Theorem 15.161 □ 

Remark 5.18. The hypothesis that G is diagonalizable is necessary, as demon- 
strated by the following example. 

Let G = S3 and let S£ = S& 'S3. There are two twisted sectors, corresponding 
to the two non-trivial conjugacy classes in S3, and these sectors are isomorphic 
to 3§H2 and S$\i3. The double inertia has five sectors, two isomorphic to 2${e\ 
(corresponding to the conjugacy classes of the pairs ((12), (123)) and ((123), (12)), 
respectively), one isomorphic to 3§[i2, one isomorphic to -33^3, and the untwisted 
sector isomorphic to &S3. Identifying K[SSG) — R(G), the multiplication map 

[i : I 2 S£ *■ 1S£ corresponds to the induced representation functor on each sector. 

Consider the inertial product with M = and 5? = 0. (This is just the usual 
orbifold product on SSS3.) Let x € ^(Ms) De the defining character. Then 

X Um2 * 1 \m» 2 = ( Ind ^ x)\s>s s 
= (sgn + V2)\sgs 3 , 



*■ — ' n 

n>l 

= elq>(V^ t n Z(r {&))) 

n 

n>l 

= ^p(E - J n — 

n>l 



22 



D. EDIDIN, T. J. JARVIS, AND T. KIMURA 



where sgn is the sign representation on S3, and V2 is the 2-dimensional irreducible 
representation. Thus the character of tp (x\&H2 *1|^ 2 ) h as va l ue 3 at the identity 
and at the conjugacy class of a 2-cycle, and it has value on 3-cycles. On the other 

hand, iP 2 (x) = ^ 2 (1) = 1 in Rfa), so ^(xl*^) *^ 2 ( 1 l*w) = Ind £ 1 = 1 + ^. 
The character of 1 + V has value 1 on 2-cycles, so these classes are not isomorphic. 

Proof of Theorem 1 5. 16\ First, it is straightforward from the definition that ijj n (^ r + 
<f) = tjj n (J?) + fJ n (Sf), and also = since 6» 1 (^) = 1 for any Sf. Second, 

we have ip n (l) = 1, since 1 is supported only on Kq(X 1 ), and S^x 1 — (because 
5^) is an inertial pair). Now, to show for all & in Kq(IqX) that 

we observe that 

$ n = frtf 

Hence, we need to show that 

$ n (6 t {S'*))0 n (S**) = 6 ni (<y*). 

This follows from the splitting principle, from the fact that the Bott classes Are 
multiplicative, and from the fact that for any line bundle Jz? we have 

It remains to show that tp preserves the inertial product defined by i.e., 

$ n * Sf ) = ^" {.?) *$ n (&), (34) 

where * is understood to refer to the *g?-product. It is at this point in the proof 
that we need to use the hypothesis that G is diagonalizable. 

Lemma 5.19. If G is a diagonalizable group, then there is a covering of I^X 
by open and closed subsets such that the restriction of the multiplication map 
/i : NqX ► IX is a closed immersion. 

Proof. We know that there is a decomposition of $qX into closed and open com- 
ponents indexed by conjugacy classes of pairs in G x G. However, since G is di- 
agonalizable, each conjugacy class consists of a single element. If ^> = {(7711,7712)}, 
then I 2 (5') = X g,h and the multiplication map restricts to the closed embedding 

H; X3> h + XS h . □ 

Given the lemma, let us prove that ip is compatible with the inertial product. 

By our Lemma, /i» is a closed embedding, so by the equivariant Adams-Riemann- 
Roch for closed embeddings (Theorem 13. 18[) . we have ?p n (i*a — fj,*(9 n (N*)ip n a), 
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where N* is the conormal bundle of /i. Writing TV* = — T* we obtain the equalities 



9 n (y*) 



M* [6>"(-T» • (e\y ■ e* 2 W ■ A_i (#)*)] 
IU [0™(-T>) • e\ijj n {y) ■ e* 2 i> n {W) ■ ip n [X-i(Se*))] 
M* [6>"(-T*>) • e^ n (^) ■ e^pT) ■ A_i(^ n (^*))] 
M* [6» n (-T>) ■ efV n (^) ■ e* 2 In*^ n (W) • A_i(#") ■ 
/i* [etV n (^) ■ e^™(^) • A_i(#*) • 6>™(^* - T»] , 



(36) 

where the second equality follows from the fact that ip n respects the ordinary (•) 
multiplication, the third from the definition of the Euler class and the fact that 
[Knu731 p. 48] for all i,n, 

the fourth from the fact that for any non-negative element & in Kq(IqX) we have 

r(^)A_ 1 (^) = A_ 1 (v n (^-)) ! 

Since $ n (&) = ^ n {^)9 n (,Y*), we 



and the fifth from the multiplicativity of 9 
may express the last line of (|3f))) as 



T*n-eiy* -e* 2 y*) 



(37) 



Applying the projection formula to (|37|) yields 



Now because [B 



, y) is an inertial pair, we have 

m = e\y + e * 2 y - ^*y + T/i, 



t*h - e\y* - e 2 y* + \i* y*) 

(38) 



so 



i> n (f*W) = e*V"(^)-e;V n (^)-A- 



= ^)^(f), 

as claimed. 

Finally, the definition of ip and the fact that the ordinary augmentation in or- 
dinary equivariant K-theory is preserved by and commutes with the ordinary ip 
operations, we have 

e(r(-T)) = r(e(-r))=e(-r) (39) 

In the case where G is not diagonalizable, fi* is not an embedding, but the equi- 
variant Adams-Riemann-Roch theorem nevertheless holds after completing at the 
augmentation ideal. Restricting to the augmentation completion of the Gorenstein 
subring insures that the Bott class 6 k {y*~) takes values in that subring (which has 
Q coefficients) , whereas the Bott class in general would take values in the augmen- 
tation completion of Kg{IgX) <g> Q. The rest of the above argument goes through 
verbatim. □ 

Remark 5.20. After extending scalars the ^-ring structure on the augmentation 
completion Kg(IgX)c can be identified with Kg(X)c, and so we obtain a new 
ip-riag structure on ordinary equivariant K-theory. These operations will be inves- 
tigated in a subsequent paper. 
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Remark 5.21. Let (M, J?) be a Gorenstein inertial pair on I G X . For each integer 

k>l, let 4j k : A* G (I G X) A* G (I G X) be denned by Equation CL1 for all v in 

A { G } (I G X). lie: A* G (I G X) ► A { G } (I G X) is the canonical projection, then the 

inertial Chow theory (Aq^IqX),*, l,ip,e) is an augmented -0-ring. 

Moreover, if G is a diagonalizable group and (^, y) is a strongly Gorenstein 
inertial pair on I G X, then the summand K g (I g X)q inherits an augmented i/j-ring 
structure from K g (I g X)<q. In addition, Equation (|27|) means that the inertial 

Chern character homomorphism c toh : K G (I G X)q - A g (I g X)q preserves the 

augmented V'-ring structures and factors through an isomorphism of augmented 
^-rings K g (I g X)q — > A G (I G X)q. In particular, if G acts freely on X, then the 
inertial Chern character is an isomorphism of augmented ^-rings. 

6. A-POSITIVE ELEMENTS, THE INERTIAL DUAL, AND INERTIAL EULER CLASSES 

Every A-ring contains the semigroup of its X-positive elements, which is an in- 
variant of the A-ring structure. In the case of ordinary equivariant K-theory, every 
class of a rank d vector bundle is a A-positive element, although the converse need 
not be true. Nevertheless, A-positive elements of degree d share many of the same 
properties as classes of rank d-vector bundles; for example, they have a top Chern 
class in Chow theory and an Euler class in K-theory. This is a consequence of the 
fact that the ordinary Chern character and Chern classes are compatible with the 
A and ^-ring structures. 

In this section, we will introduce the framework to investigate the A-positive 
elements of inertial K-theory for strongly Gorenstein inertial pairs. We will see 
that the A-positive elements of degree d in inertial K-theory satisfy the inertial 
versions of these properties. We will also introduce a notion of duality for inertial 
K-theory which is necessary to define the inertial Euler class in inertial K-theory. 

In a number of cases, e.g. P(l, 2) and P(l, 3), we will see that the set of A-positive 
elements yields integral structures on inertial K-theory and inertial Chow theory 
which will correspond, under a kind of mirror symmetry, to the usual integral struc- 
tures on ordinary K-theory and Chow theory of an associated crepant resolution of 
the orbifold cotangent bundle. 

Remark 6.1. All results in this section hold for possibly nondiagonalizable G, pro- 
vided that K G (I G X) is replaced by the augmentation completion of its Gorenstein 
subring K G {I G X). 

We begin by defining the appropriate notion of duality for inertial K-theory. 

Definition 6.2. Consider the inertial K-theory (K G (I G X),-k, l,e,ip) of a strongly 
Gorenstein pair J?) associated to a proper action of a diagonalizable group G 
on X. The inertial dual is the map D : K G {I G X) *■ K G (I G X) defined by 

5(r) := := v -p(y*), 

where 

p{&) := (-l) e ^det(^*) (40) 

for all classes of locally free sheaves & in K G {I G X), and det(j?) = A 6 ^ J? is the 
class of the usual determinant line bundle of & " . Note that in this definition both 
e and det are the usual, non-inertial forms. 
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Theorem 6.3. Consider the inertial K-theory (Kg(IgX), 1, e, tp) of a strongly 
Gorenstein pair [Si, 5^) for a diagonalizable group G with a proper action on X. 

(1) D 2 is the identity map, i.e., J?tt = & f or a u & e K G {I G X). 

(2) The inertial dual satisfies the equations 

Do?=?oD=? and ^ f oD = Do^ (41) 
for all £>1. 

(3) The inertial dual is a homomorphism of unital rings. 

Before we give the proof of the theorem, we need to recall one fact from [FL85 
about the ordinary dual in K-theory, and we need to prove a Riemann-Roch type 
of result for the ordinary dual. 

Lemma 6.4 ( FL85J I Lm 5.1]). Let & be any locally free sheaf of rank d. Then 
for all i with < i < m we have 

A^J?) = \ d -' l {&*)\ d (&) (42) 

Lemma 6.5 (Riemann-Roch for the Ordinary Dual). Using the hypotheses and 
notation from Theorem \3.18l and using the definition of p given in Equation (|40[) . 
we have 

{l.{<?)Y =u{p{N;)..<?*) (43) 

for all & in K G {Y), 

Proof. We first observe, using Lemma 16.41 that for any locally free sheaf & £ 
Kq(Y) we have 

A_i(^)*=A_i(^)p(^). (44) 
We also observe that ordinary dualization commutes with pullback and is a ring 
homomorphism. Because of these properties, the ordinary dual is a so-called natural 
operation, and the desired result follows immediately from Kock's "Riemann-Roch 
theorem without denominators" [K6c9l] Satz 5.1]. □ 

Proof (of Theorem\EM- Part [1] follows from the identity p{&*) = (p(^))- 1 . 

The first Equation of Part [2] is follows from the definition of e. The second 
Equation of Part [2] follows from the identity 6 n {<9>) = 6 n (y*)(det(S")y^' 1 which 
follows from the splitting principle. 

The proof of Part |3] is identical to the proof that ip n is a homomorphism for 
all n > 1, but where the Bott class n is replaced by the class p and the Adams- 
Riemann-Roch Theorem l3.18l is replaced by Lemma \6. 5 1 

□ 

Definition 6.6. Let (K,-,1,X) be a A-ring. For any integer d > 0, an element 
f G K is said to have X-degree d if At (T^) is a degree-d polynomial in t. The 
element Y is said to be a X-positive element of degree d of K if it has A-degree d 
for d > 1 and X d {Y) is a unit of if. A A-positive element of degree 1 is said to be a 
X-line element of K. Let Va '■= Vd{K) be the set of A-positive elements of degree 
d in K. 

Remark 6.7. If the A-ring (K, •, 1, A) has an involutive homomorphism K K 

taking & h-> which commutes with X 1 for all z > then it may be useful 
in the definition of a A-positive element of degree d to assume, in addition, that 
(X d y)~ 1 = X d ('1 / *). However, we will later see that this condition is redundant for 
the virtual X-theory of Bp, 2 , P(l, 2) and P(l, 3). 
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Proposition 6.8. Let (K, ■, 1, A) be a X-ring. 

(1) Addition in K induces a map Vd 1 xVd 2 * T > d l +d 2 f or a ^ integers d\, g?2 > 

1. 

(2) Multiplication in K induces a map Vd t x Vd 2 *~ T y d 1 d 2 f or ®M integers 

di,d2 > 1. In particular, the setV\ of X-line elements of K forms a group. 

(3) An element Jzf in K is a X-line element if and only if 

= (45) 

for all integers £ > 1. 

(4) For all i,j > 1, A 1 o ^ = ^ o X 1 in K. 

(5) If K is an augmented X-ring with augmentation e, then for all integers i > 
and d > 1, we have X 1 : Vd ^7?V ^ n particular, 

^=(1 (46) 

where the right hand side is understood to be multiplied by the unit element 
1 in K . 

Proof. Part [T] follows from the fact that the product of invertible elements is invert- 
ible. Part [5] follows from properties of the universal polynomials P„ appearing in 
Part [5] of the definition of a A-ring. Part [3] follows immediately from Equation (|9|). 
Part S] follows from Equation ([T0|) . 

To prove Part [5j we see that the properties of the universal polynomials P m ,n 
(see Remark imply that X 1 : Vd Voi\ for all i > 0. 

To prove Equation (|46l) . let us first suppose that & := _S? belongs to V\. Ap- 
plying e to Equation g5J| for t = 2, we obtain e(^ 2 (^f)) = e(Jz" 2 ) = e(^) 2 , but 
e(V> 2 (-S?)) = e(Jzf). Thus, e(Jz") 2 = e(-Sf), but since Jz? is invertible and e is a 
homomorphism of unital rings, e(Jz?) is invertible. Therefore, e(_Sf) = 1. More 
generally, if J? belongs to "Pd for some integer d > 1, then Equation (p~3|) implies 
that ( 6 ^tP) = 1, since X d {^) belongs to V\ by the properties of the universal poly- 
nomials P m . n in Part |5] of the definition of a A-ring. Since & has A-degree d, we 
have 

o = ( €{ ^ ] \ = ( €{ ^ ] \ e(jy) d = e(J?) d 

\d + lj \ d J d+1 d+1 ' 

Therefore, e(#") = d and Equation (|46)) follows from Equation (|13l) . □ 

In ordinary equivariant K-theory (Kg(X), <8>, 1, e), it is often useful to assume 
that [X/G] is connected. This is not an actual restriction, since Kg{X) can be 
expressed as the direct sum of (A or ^>)-rings of the form Kg(U), where [U/G] is a 
connected component of [X/G]. The condition that [X/G] is connected is equivalent 
to the condition that the image of the augmentation is Z times the unit element 1, 
i.e., one may interpret the augmentation as a map e : Kq{X) »- Z. 

For an inertial K-theory (Kg(IgX),*, 1, e), an additional condition must be 
imposed in order for the inertial augmentation to have image equal to Z. 

Definition 6.9. Let X be an algebraic space with the action of G. We say that 
the action is reduced with respect to the inertial pair {M, if 5? m — only if 
m = 1. 



The following Proposition is immediate. 
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Proposition 6.10. Consider the inertial K-theory (Kg^gX),*, l,e) (respectively 
the rational inertial K-theory (Kg(IgX)q, -k,l,e)) for some inertial pair 
The image of the inertial augmentation e is equal to Z (respectively Q) times the 
unit element 1 of Kg(IgX) if and only if [X/G] is connected and the action of G 
on X is reduced with respect to 

In ordinary equivariant K-theory any vector bundle of rank d has A-degree d. 
Thus, if [X/G] is connected, then by definition, (Kg(X), •, 1, e, A) (respectively 
(Kg(X)q,-,1,€, X)) is generated as a group (respectively Q-vector space) by the 
classes of vector bundles and hence by elements of V . 

In inertial K-theory (Kg(IgX)q,*, 1, e", A), the situation is more complicated. 
Equation (|40[) implies that if "Y is in Vd, then for any any connected component U 
of IqX \ X 1 which has ^-age equal to 0, the restriction "Y\ v , must have ordinary 
rank equal to on U. Therefore, the Q-linear span of Vd cannot be equal to 
Kg{IgX)q. Furthermore, even if [X/G] is connected and the action of G on X is 
reduced with respect to the inertial pair (M, S 1 ") , there is no a priori reason that 
(Kg{IgX)k, ■, 1, e, A) is generated as a K-vector space by its A-positive elements 
for any field K containing Q. 

This motivates the following definition. 

Definition 6.11. Consider the inertial K-theory (Kg(IgX)c,*, 1,?, A) of a strongly 
Gorenstein pair 5?) associated to a diagonalizable group G with a proper action 
on X. Let V denote its A-positive elements. Let J^g{IgX)q be the Q-vector space 
generated by the elements of V. We call (J%g(IgX)q,*, l,e, A) the core subring of 
the inertial K-theory. 

Corollary 6.12. (J%g(IgX)q, *, 1, A) is a X-subring of the inertial K-theory which 
is preserved by the inertial dual. 

Proof. The proof follows from Part 2 and Part 4 of Proposition 16.81 and the fact 
that the inertial dual maps Vd n> Vd for all d. □ 

One thing that makes the elements Vd in (Kg(IgX)q, l,e, X) interesting is 
that in many ways they behave as though they were rank-d vector bundles. In 
particular, they have inertial Euler classes in both K-theory and Chow rings. 

Proposition 6.13. Let (Kg(IgX)q,*, l,e, X) be the inertial K-theory of a strongly 
Gorenstein pair ,5f ) associated to a diagonalizable group G with a proper action 



on X . 



(1) The first inertial Chern class c 1 : V\ 
of groups. 

(2) For all "f in V d and ££ inVi, 



Aq^ (IgX)iq is a homomorph 



,ism 



d 




(47) 



■^(JSf) =el$(c 1 (Jf)), 



(48) 



and 



d 




(49) 
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Proof. Part 1 follows from the fact that for all Jzfj and if 2 in Vi, ^h{£^\ * Jz? 2 ) = 

%h(3fi) *§fc(jSf 2 )- Picking off terms in A^ 1} (/ G X) Q and using = c 1 and Equa- 
tion yields the desired result. 

Equation (|T7)) holds since for all ~f in Vd, 



lt{f ~ d) 



(l-t)-< 



i=0 ^ ' 



i=0 

Equation (j48| follows from Equations (|2T|) and (|49| . which yields 




— /i _ 

which implies that (Jzf) = c L (Jf) n /n\, as desired. Equation (|49|) follows from 

Equations ([29]) and (|4T]l , □ 



Ordinary equivariant K-theory also has an operation corresponding to taking 
the dual of a vector bundle. We now introduce an inertial version. 

The inertial dual allows us to introduce a generalization of the classical notion 
of Euler class. 

Definition 6.14. Let (Kg(IgX)q, *j 1, "e", A) be the inertial K-theory associated 
to the pair S^). Let V belong to Vd', that is, Y is a A-degree-d element of 
Kg(IqX)q. The inertial Euler class in Kg(IqX)q of "f is defined to be 

d 

A-i(^ t ) = E(- 1 )^(^ t )- 

i=0 

The inertial Euler class of Y in Aq^(IgX)q is defined to be c d (J^"). 

The inertial Euler classes are multiplicative by Part [T] of Proposition 152] and the 
multiplicativity of c* and At . 

Finally, we observe that V\ is preserved by the action of certain groups. This 
will be useful in our analysis of the virtual K-theory of P(l, n). 

Definition 6.15. Let (K, •, 1, i/>, e) be an augmented "0-ring. A translation group 
of K is an additive subgroup J oi K such that for all n > 1, j € J, and x £ K, the 
following identities hold: 

(1) V"C?) - nj, 

(2) a? -i = e(x)j, 

(3) e(K)J = J. 

Proposition 6.16. Let (K, •, 1,^>, e) be an augmented ip-ring. If J is a translation 
subgroup of K , then e(J) = 0, J 2 = 0, and J is an ideal of the ring K . Furthermore, 
J acts freely on V\, where J x V\ V\ is (j, _Sf) M> j + _Sf. 
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Proof. For all j in J and integers n > 1, e(ip n (j)) — e{j) by the definition of an 
augmented tp-rmg. On the other hand, e(ip n (j)) = e(nj) — ne(j) for all integers 
n > Iby Condition ([1]) in the definition of a translation group. Therefore, e(j) = 0. 
The fact that J 2 = and J is an ideal of K follows from Condition ([2]) in the 
definition of a translation group. 

Consider «if in V\ and j in J. We have 

v n (-s? + j) = n^) + ru) = ^ n + nj = (jsf + ir, 

where the second equality is by Equation (|45|) and Condition (JT|) in the definition 
of a translation group, and the last is from the binomial theorem and the fact that 
J 2 = 0. Also, notice that _1 - + j) = 1, so _S? + j is invertible. □ 

7. Examples 

In this section, we work out some examples of inertial ip- and A-rings. 

7.1. The classifying stack of a finite Abelian group. In this section we discuss 
the case where A is a point with a trivial action by a finite group G. We begin 
with some general results and conclude with explicit computations for the special 
case of the cyclic group G = [12 of order 2. 

7.1.1. General results. Let A be a point with the (trivial) action of a finite Abelian 
group G. The inertia scheme is JgX = G, which has the action of G by conjuga- 
tion. The orbifold K-theory of 38G := [X/G] is additively the Grothendieck group 
Kg(IgX) — Kg(G) of G-equivariant vector bundles over G; however, the orbifold 
product on Kq(G) differs from the ordinary one. The double inertia manifold is 
I G X = G x G with the diagonal conjugation action of G, the evaluation maps 

e, : G x G *■ G are the projection maps onto the i-th factor for i — 1,2, and 

/i : G x G >- G is the multiplication map. Let & and £f be G-equivariant vector 

bundles on G, then ★ ^ := ^*(J£" IEI C S) is the G-equivariant vector bundle over 
G whose fiber over the point m in G is 

m l m 2— m 

where the sum is over all pairs (1711,1112) G G 2 such that m\m2 = m. 

The orbifold K-theory (Kg(G),*, 1) of SSG can naturally be identified with the 
representation ring Rep(£>(G)) of the Drinfeld double D(G) of the group G. The 
ring Rep(D(G)) has been studied in some detail in (Wit96 . 

In this case the orbifold Chern classes are all trivial, i.e., Ct(J^) = 1 for all J^", 
since ^h t {^) = Ch t (J?) = rk(J?) for every & G K G (I G X)^ 

Since 5? — on IqX, the orbifold V'-ring (-Kg(G),*, 1, VO structure agrees with 
the ordinary i/>-ring structure, i.e., ■0 1 := ip z for all £ > 1. If r is the exponent of G 
(i.e., the least common multiple of the orders of elements of G), then ip : > +r = ijji 
for all j >1. 

7.1.2. The classifying stack 3B[i2- We now consider the special case where G = /i 2 
is the cyclic group of order 2. For each m G G and each irreducible representation 
a G Irrep(//2) = {±1}j let denote the bundle on G which is away from the 
one-point set { m } G IqX = /i 2 and which is equal to a on {m}. In this case the 
free Abelian group (^ 2 ) decomposes as if M2 (/z 2 ) = ({ 1 }) ©if M2 ({ — 1 }) and 
has a basis consisting of the four elements Vy, V{~ , V^ 1; V_~t • 
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Proposition 7.1. The orbifold X-ring (K^ 2 (fj,2)q,*, 1, A) satisfies 

\t(V 1 1 ) = l + t, (50) 
X t (V 1 - 1 ) = l+tV 1 -\ (51) 

A t (Vii) = 1 + fVii + (1 - V\) , (52) 

and 

A* (VCx 1 ) = 1 + K^t + 2(1^2) C 1 - - y -i + ^-i 1 ) • ( 53 ) 
There are four elements in V\, namely, Vf^ 1 and 

<r± := \ (V? + Vf 1 ± - VI?)) , 

wii/i i/ie orbifold multiplication given by a± * a± = V? , and V-^ 1 * a± — o~^, and 
* <t_ = V^" - . Furthermore, the core subring =/^ 2 (/^q o/ inertial K-theory (see 
Definition \6.11\) is the Q-subalgebra of K ^(112)® generated by {V{~ ,0+ }. 

Proof. The positivity of V^ 1 is immediate since the orbifold A-ring structure re- 
duces to the ordinary A-ring structure on the untwisted sector. The other two 
elements follow from performing a direct calculation using Equation (1451) . □ 

Since the action of \ii on a point is not reduced, the Q-span of V cannot be equal 
to K^i^)®- 

7.2. The virtual if-theory and virtual Chow ring of P(l,n). Let X := C™ \ 

{0} and G := C x with the action G x X >► X taking (t,(x,y)) i-> (tx,t n y). 

In this section we first develop some general results about the virtual K-theory 
and virtual Chow theory of the weighted projective line P(l,n) := [X/G]. We 
then work out the full theory in the case of P(l, 2) and compare our results to the 
usual K-theory and Chow of the resolution of singularities for the cotangent bundle 
T*P(1, 2). Finally, we do the same for the case of P(l, 3). 

7.2.1. General results. 

Notation 7.2. Let f„ := exp(27ri/n). We will use additive notation for the group 
Z n = {0, 1, . . . , n — 1}, which we will regard as a subgroup of C x via the inclusion 
to M> Cn- Similarly, we will denote the component of the inertia variety X^ n by 
X rn for all to e {0, ...,n- 1}. 

The inertia variety is IqX = U^n=o X m . With respect to the ordinary product, 
we have the isomorphism of rings 

Kg{X °) - - Z [XO'Xo 1 ] (54) 
and for m £ { 1 , . . . , n — 1} , we have 

K G {X ) = (55) 

Let d m denote the rank of the free Z-module Kc{X m ), i.e., do = n+1 and d m = n 
for to e {1,2, ••• ,n — 1}. Let be the class of x m in -^gP^" 1 ) for all to 6 
{ 0, 1, • • • , n — 1 } and a = 0, . . . , d m — 1, then {y^} is a basis for if (JP(1, n)) = 
K G {I G X). Therefore, K(I¥(l,n)) is a free Z-modulc of rank n 2 + 1. 
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We need to calculate the inertial pair (.S?, y) for virtual K-theory. We have 
y = y 1 m ; hence, the ^-age of X m is 1 if to ^ 0. We recall from |EJK12] that in 
virtual K-theory we have 

@ = T\ PgX + T l%x - e\T lGX - e* 2 T IaX . (56) 

If mi = 0, then {%\ x0 , m2 = for all G {0, 1, . . . , n — 1} (and similarly if 

?7i2 = 0). Otherwise, under the isomorphism ei : X mi ' m2 ► X mi , &\ xmi<m2 

can be identified with (y} ni + y"J + y™ 1 - y^ - y n mi = by Equation ([2|. 
Hence, we have 

Vmi *cuT» iri Vra-2 = Vrax-\-ra 2 ' eu (^mi + --^m 2 — ^mi+mj] 

where the products on the right hand side are the ordinary ones and 

!0 if either wi\ — or 

V l rn 1+m2 ~ 2 y m \+ m2 + y m 2 1+ m 2 if mi + m 2 =n, mim 2 
yrn 1+m2 - y m \+ m2 otherwise. 
The virtual augmentation?': K(I¥(l,n)) K(I¥(l,n)) satisfies 

Ky a o) = y° , 

and for m S {1 , . . . , n — 1} we have 

TO - o 

for all a in Z. 

In order to calculate the virtual ip operations, for all m G {1, . . . , n — 1} we need 
the ^-th Bott class 9 l {y^) in if G (X m ), which satisfies 

e-i 

This yields the virtual tp operations ip k : K(I¥(l,n)) K(I¥(l,n)). 

Let us now calculate the virtual inertial Chow ring of X. With respect to the 
ordinary product, we have the isomorphism of rings 

JW* . gg, (57) 

and, for m G {1, . . . , n. — 1} we have 

A* G (X m ) = (58) 

where <7 m has ordinary Chow grading 1 for all to. Let be the class of for all 
tog {0, . . . , n — 1} and a > 0. The inertial grading of eg is a and of c" n is a + 1 for 
m G {1, . . . , n — 1}. 

The multiplication table for the virtual inertial Chow ring is given by 

where we have the following identity in A* (I¥(l,n)): 

1 if either toi = or m 2 = 0, 

eu(y mi + y m2 - y mi +m 2 ) = ^ c 2 mi+rn2 if mi + to 2 = n, toito 2 7^ 0, 

c m 1 +m 2 otherwise. 



32 D. EDIDIN, T. J. JARVIS, AND T. KIMURA 

This multiplication is simple on A*(FV(1, ti))q since c[] is the identity element, while 
the product of non-identity elements and c^ 2 is by the inertial grading. 

The virtual Chern character homomorphism ffii : K(IV(l,n)) A*(IP(l,n))q 

satisfies, for all a > 0, 

^h(y a Q ) =c Q Q + acl (59) 
and, for m € {1, . . . , n — 1} we have 

«HO = (60) 
We now show that the inertial tp operations are almost n-periodic. 

Definition 7.3. Let K be Q or C. For all m € {1, . . . , n — 1}, define elements 
A m - Eto Via in ^c(^ m ) (respectively K G (X m ) K ) and A = y§ -j/ff in X G (X°) 
(respectively .?Q;(^ )k)- Let J (respectively Jjj) be the additive group (respectively 
K- vector space) generated by {Ai}" =Q . 

For all k > 1, let V4(^) := ^ fc (^m) for all = Em=o wh ere J? m belongs 
to K G (X m ). 

Let (/?o : -ftT(/P(l,n)) ► Z be the additive map that is supported on Kg(X°) 

such that foiiJo) = s for all s S {0, . . . , n}. 

Finally, let ^° be the inertial augmentation e. 

Lemma 7.4. Let (K(IV(l,n)),*, l,e,ip) be the virtual K-theory ring. 

(1) For all m £ {0, ...,ti—1} and & m in Kc{X m ), we have the identity with 
respect to the ordinary product 

' ^ m — ^m( r ^ m)^m- (61) 

(2) For all j in J and & in the virtual K-theory ring K(IV(\, n)), 

&*j = e(&)j, (62) 

J-k J = ande(J) = 0. 

(3) For all i > 1 and j s J, we Ziawe the identity 

ft (J) = «• (63) 
In particular, J is a translation group of the virtual K-theory K (IV (1, n)). 

Proof. Equation (joTj) follows from the identity (yft — 1)(j/q — 1) = in Kq(X°), 
and y£ - 1 = in ^ G (^ m ) for all m ^ 0. 

Equation (1621) follows immediately from the definition of * and Equation (|6ip . 
The fact that J * J = follows from Equation (|62p and the fact that ?(A m ) = 
for all m. 

To prove equation (I63p . we first consider 

^(A ) = ^(l-y?) = l-i/^ 
= l-(l + ( % "-l)) £ 
= l-(l + % "-l))=fA„, 

where we have used the binomial series and the relation (yfi — 1)(j/q — 1) = in 
the fourth equality. Suppose m ^ and x — y} n . We have the following, where all 
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products are understood to be ordinary products, 

n-i e-i 

^ 1 - x e 1 - a; -1 1 - x e 1 - x 

i=0 3=0 

_ 1 ~ X _ x n-i+l _ 1 ~ (1 + ~ !))_ n _f+i 
1 — X 1 — X 

l-(l+i{x»-l)) e+1 _ l-x» _ 

1 — X 1 — X 

where we have used the relation x n — 1 in the fourth equality and have used the 
binomial expansion and the relation x n — 1 in the eighth. 

This establishes Equation (|63|) . □ 

Proposition 7.5. For all k > and a £ {0, . . . , n — 1}, we have the identity in 
virtual K-theory (K(I¥(1, n)),*, l,e, ip) 

n 

4> nk+a = r + kA <p + J2 kA m e m , (64) 

m— 1 

where e m (&) denotes the ordinary augmentation of the summand J^" m in KciX 171 ) 
off. 

Proof. If a e {0, . . . , n — 1}, k > , s G {0, . . . , n} and x = y^, then 

= (1 + - l)) fc a; QS 

= (1 + - l))x as 

= x sa + kx sa {{l + {x n -l)) s -1) 

= ie so + fc:r !a (l + s(x" - 1) - 1) 

= x sa + ksx sa (x n -1) 

= s sa + fcs(l + (a; sa -l))(a;"-l) 

= x sa + fcs(a;™-l) + /cs(a; sa -l)(a;"-l) 

= x sa + fcs(:r™ - 1) = x sa + fcsA , 

where we have used the relation (x n — l)(x — 1) = in Kc(X°) in the third, fifth, 
and ninth equalities. Therefore, for all n, k > and a € {0, . . . , n — 1}, we have 

$*+ a =^ + fcA o¥ >o. (65) 

If m £ {1, . . . , n— 1}, then, adopting the convention that #°(0) = 1 and 8°(yf n ) = 
for all s, we obtain 

< fc+ °(i&) = VC fe+a (24)# nfc+Q ra 

= C(2/m)(feA m + ^( I iC)) 

= ^(i4)A m + ^(^)fl-(^*) 

= fee,»(C(j4))Am + ^(!4) 
= fcA m + V°(j&), 
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where we have used = y^ for all m € {1, . . . , n — 1}, the relation, with respect 
to the ordinary multiplication, (yj n ) n — 1 = in KciX" 1 ), Equation (|6Tj) . and that 
£m'0m = e m- Consequently, we have 

C fc+Q = C + kA m e m (66) 

for all n, k > 0, a S {0, . . . , n — 1}, and m G {1, . . . , n — 1}. 

Equations (|65)l and (|66|) yield Equation (l64l) . □ 



Proposition 7.6. j4n element in virtual K-theory (K(TP(1, ?i))q,*, 1, e, ip) is a 
X-line element with respect to its inertial X-ring structure if and only ife{^) = 1 
and Equation J^5| ) holds for all £ £ {1, ... ,n — 1}. 



Proof. First of all, notice that Equation (|45|) trivially holds for £ = 1 by definition 
of a -0-ring. Suppose that in if(/P(l,n))Q satisfies Equation (p[5j) for all £ G 
{1, . . . , n}. We now prove that Equation (|l5l) holds for all £ by induction. Suppose 
that Equation (|45l) holds for all £ £ {1, . . . , nk + a} for some a G {0, . . . , n — 1} and 
A: > 0, then Equation (|64| implies that 



^«(fc+i)+»(jgf) = 0«(jgf) + (fc + l)j(jSf), (67) 
where j(-§?) := </3 (-^)Ao + 2m=i A m e m (J>f) belongs to the J. However, 

= + kj(j?))$°(j?)+j(j?)) 

= r(j?) + kj(j?) + k 3 (j?) 
= r(j?) + (k + i) 3 (j?) 

where we have used the induction hypothesis and Equation (|67|) in the second 
equality, the definition tp° = e in the third equality, Lemma (|7.4[) in the fifth, the 
fact that eoij) q = <Tin the sixth, and Equation (1571) in the seventh. □ 



Remark 7.7. Proposition (|7.6j) reduces the problem of finding A-linc elements 
of K(IV(l,n))q to solving a finite number of equations for n 2 + 1 (the rank of 
K(I¥(1, n))) unknowns. Furthermore, since the action of the translation group </, 
which is rank n, respects V\ by Proposition (|6.16l) . it is enough to solve for only 
n 2 — n + 1 variables satisfying Equation P5j) for all £ G {0, . . . , n — 1}, as all other 
A-linc elements will be their J translates. Finally, we will see that in order to 
compare the virtual K-theory of P(l,n) with the K-theory of a toric resolution of 
P(l,n), we will need to find the A-line elements in the C-algebra K (JP(1, n))c, in 
general. 

Corollary 7.8. Let V\ be the semigroup of X-line elements of the virtual K-theory 
(K (/P(l, n))Q, l,e, A). Each Jq-orbit in V\ contains a unique representative Jzf 
such that Jz?*™ = 1. 

Proof. Given & in Vi, we have j^*™ = ip n (^) = 1 + j for some j in Jq by 
Proposition ([LSI). If _S? = & - then _Sf*" = (3? + = J?* n - j = 

i + i-i = i- " " □ 



INERTIAL CHERN CLASSES AND COMPATIBLE POWER OPERATIONS 



35 



7.2.2. The Virtual K-theory and virtual Chow ring of P(l,2). We now study the 
virtual K-theory and virtual Chow theory of the weighted projective line P(l, 2) :— 
[X/G] which, in this case, are isomorphic to the orbifold K-theory and orbifold 
Chow theory, respectively, of the cotangent bundle T*P(1, 2). 

Remark 7.9. For the remainder of this section, unless otherwise specified, all 
products are with respect to the virtual products. 

Let A : K(I¥(1, 2))q ► K(I¥(1, 2))q denote the induced virtual A-ring struc- 
ture. In order to describe the group of A-line elements V\ of (if (IP(1, 2))q, ■, 1, A), 
it will be useful to introduce the injective map / : Q 2 >- K(I¥(1, 2))q defined 

by 

/(a, j 9):=-aA o +0A 1 , (68) 
whose image is the translation group Jq of K(I¥(1, 2))q. 

Consider the following injective maps Q 2 K (iTP(l, 2))q: 

p (a,{3):=y° + f(a,/3), (69) 

pi(a,0) :=y x +f{a,p), (70) 

and 

p ± (a, 0) := \{yl + yl ± yl) + /(a, /3). (71) 

Proposition 7.10. The group of X-line elements V\ of the virtual K-theory (K(I¥(1, 2))q, *„irt) 1, A) 
is the disjoint union of the images of the four maps po, P \, p± and the restriction 

of the inertial dual V\ V\ agrees with the operation of taking the inverse. In 

particular, K(I¥(1, 2))q is spanned as a Q-vector space by V\ and, therefore, the 
virtual K-theory is equal to its core subring. The multiplication in V\ is 

po(a,(3)p (a',/3') = p {a + a',/3 + (3'), 

p (a,f3)pi(a',p') =pi{a + ot,P + p), 
Po(a,(3)p±(a',f3') = p±(a + a' , (3 + /?'), 
Pl (a, p) Pl (a', p') = p (a + a' + l,p + /?'), 

Pi (a, P)p±(a', &) = p T (a + a' + ~,/3 + f ± ~), 



p±(a, /3)p ± (a', /3') = p (a + a' + ~ {3 + p ± h, 



and 



p+(a, f3)p-(a', /?') = pi(a + a', (3 + /3 1 ). 
The inverses are given by 

poK^r 1 = po(-a, -p), 

piia^y 1 = Pl (-(l + a),-P), 

and 

p±{a, PY 1 = p±(-(a + -), -fi =F -). 

Proof. The elements of V\ are determined by solving Equation P5|) through a direct 
calculation. 

To prove that K (JP(1, 2))q is spanned as a Q- vector space by the elements of V\, 
it is clear that the following 5 vectors span the Q-space K (JP(1, 2))q: po(0, 0) = yf,, 
Po(l,0) = i/g, p 1 (0,0)=y 1 ) p ± (0 ! 0) = i(j/ + yi± 2/l ). □ 
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Remark 7.11. There is an isomorphism of groups V\ *■ (Z2) 2 x Jq, where 

P+{-h-\) + 3 ((1,0), j) p~{—\, \) + j ^ ((0,1), 3) for all 3 in J Q . Here, 
the generators p±(—\, z f\) are the unique representatives of the corresponding Jq- 
orbits from Corollary (|7.8I) . 

A direct calculation yields the following. 

Proposition 7.12. The inertial first Chern class for virtual K-theory is a homo- 
morphism of groups c 1 : Ti ► A^(IF(l,2)) q , where 

Z 1 {p Q {aJi)) = 2acl + 2Pc\, 

c 1 ( Pl (a,P)) = (2a + l)c 1 Q + 2Pc° 1 , 

Z 1 {p ± {a,P)) = {2a+ l -)c} ) + {2p± l -)c ( [. 

The virtual K-theory ring has a particularly simple form in terms of these A-line 
elements. 

Proposition 7.13. Let (A"(/P(l, 2))q, -k virt , 1 := y§) be the virtual K-theory ring. 
We have two isomorphisms of Q- algebras (and ip-rings) 

$ ±: ®\o,o-\t,t-1] .imp(l,2)) , (72) 

where $±(r) := p±(0,0) = |(y + yl ± y?) and $±(cr) := pi (0,0) = y^. Similarly, 
we have two isomorphisms of graded Q- algebras 



m ± :f^ *A*(IP(1,2)) Q , (73) 

(P,v) 2 

where p, v in A^ (IP (1,2)) q and^±(v) := ^(^±(0, 0)) = ±(c£±c?) and^±(p) := 
c 1 (pi(0,0)) = Cq. Under the identifications $± and i/ie inertial Chern charac- 
ter^ : K(TP(1, 2)) ► A*(IP(1, 2))q corresponds to the map a h-> exp(^) = 1+p 

and r f — ^ exp(i/) = 1 + 1/. 

Proof. Since (ug) 2 = y 2 and 

P±(0,0) 2 = i((y °+2/o 2 )±(yi+yi 1 )) ! 

{ yg, yjj, y 2 , ^+(0, 0),p+(0, 0) 2 } is a basis for the Q- vector space A(/P(l, 2)) Q . Thus, 
A(/P(1,2))q is generated as a ring Q-algebra by yg and /9+(0,0). A calculation 
shows that the relations 

(yl - mvof - 1) - (MO, 0) - l)(p+(0, 0) 2 - 1) = (yl - p+(0, 0))(p+(0, 0) - 1) = 

hold. A dimension count shows that these are the only relations. Therefore, <£>+ is 
an isomorphism of Q-algebras. The previous analysis holds verbatim if p + (0,0) is 
replaced by p_(0,0) everywhere. 

A similar analysis holds for the Chow theory. □ 

Remark 7.14. The presentation in the previous proposition yields an exotic in- 
tegral structure in virtual K-theory and Chow theory. Consider the lattice in 
A*(JP(1,2)) Q 

A<°>(iP(l,2)):={uc8|tteZ}, 

and 

A^(IP(1,2)) := {(u+ V -)cl + V -c\\u,v ^Z}. 
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A*(JP(1, 2)) is a subring of the virtual Chow ring A*(7P(1, 2))q such that A*(7P(1, 2))(g) 
Q = A*(7P(1, 2))q. In fact, the graded ring A*(7P(1, 2)) is isomorphic to 

Similarly, consider the subring K(7P(1,2)) (not sub-Q-algebra) of 7T(7P(l,2))q 
generated by { ^(0, 0), p + (0, 0) }. The ring K(7P(1, 2)) is isomorphic to 

<(r - l)(r* - 1), (a - l)p _ 1), ( a _ r )( r _ 1)) ' 

(One obtains the same ring K(7P(1,2)) if ^+(0,0) is replaced by p_(0, 0) above.) 
We observe that K(7P(1, 2))(g>Q = K(IF(1, 2))q and that K(7P(1, 2)) has a natural 
virtual A-ring structure which induces the A-ring structure on K(I¥(1, 2))q. The A- 
positive elements Pi of K(7P(1, 2)) form the subgroup generated by po(0, 0), pi(0, 0), p+(0, 0). 
The first virtual Chern class taking c 1 : Pi - AW(7P(1, 2)) is a group isomor- 
phism which satisfies 

c 1 (pi(0,0)V + (0 ) 0r) = ( U +|)cJ + |c? 

for all u, v in Z. 

7.2.3. The virtual K-theory and virtual Chow ring o/P(l,3). We now study the 
virtual K-theory and virtual Chow ring of P(l,3). Unlike the case of P(l,2), the 
virtual K-theory and virtual Chow rings of P(l, 3) differ from the orbifold K-theory 
and the orbifold Chow rings of the cotangent bundle T*P(1,3), respectively. In 
particular, the inertial pair from the orbifold theory of T*P(1, 3) is Gorenstein but 
not strongly Gorenstein. We will now describe the A-positive elements of virtual 
K-theory of P(l, 3). Unlike the case of P(l, 2), we need to work with C-coefficients 
so that the set of A-linc elements generate the entire virtual K-theory group. 

Remark 7.15. For the remainder of this section, unless otherwise specified, all 
products are with respect to the virtual products. 

Proposition 7.16. Let (K(I¥(1, 3))c, *virt, 1 := Vo,^) be the virtual K-theory 
ring with its virtual X-ring structure. The set of its X-line elements V\ spans the 
C-vector space K(IP(1, 3))c, and, therefore, the virtual K-theory is equal to its core 

subring. The restriction of the inertial dual V\ V\ agrees with the operation of 

taking the inverse andV\ consists of 27 orbits of the action of the translation group 
Jc, where each orbit has a unique representative in the set U^ij \ i = 

1,2,3 and j = 1, 2} ]J{7I,fc | i — 1, . . . , 6 and k — 0,1,2} given by the following 
(where C3 = exp(2rri/3) ), j G {1, 2} and k £ {0, 1, 2}: 

Si=yo) £2 = 2/0, s 3 = y%, 
= |yS + §2/0 + \vl - + 3I/1 - \cl 3 yl + \vl 
= \vo + \vo + \y 2 o - \v\ + \<&A - \vl + \d 3 y\, 
= \yl + ly'o + \y 2 - |c| J y? + \c 3 3 yl ~ \ciyl + \<£vh 
Tr, k = \yU\yl + \tM + \a k yl 

*This representative need not be the same as the one defined in Corollary JT.8B . 
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/2,fc - 2% + 3% - 3C32/1 - 3C3 2/2) 

r 3 , fe = \y° Q + -j/J + -$y\ + \d k yl 
%, k = iy ° + \yl - \CH - \Q k vl 
%, k \yl + \yl + \CU + \$y\ + \tl k yl + \d k vl 

%, k = 2 -yl + ly 2 - - l^vl ~ \cfvl ~ \a k vl- 

Remark 7.17. Unlike the case of P(l, 2), the real line elements in V\ in K(I¥(1, 3)) c 
do not span i-T(/P(l, 3))q but it is sufficient to work with an extension of Q con- 
taining the third roots of unity. 

Proof. The A-line elements in V\ are calculated by applying the algorithm sum- 
marized in Remark (|T. T[) and by showing that these A-line elements are invertible. 
The fact that the elements of V\ span /T(P(l,3))c is also a straightforward calcu- 
lation. □ 

Proposition 7.18. Let K(IV(1, 3))c be the virtual K-theory with its virtual \-ring 

structure. We have an isomorphism ofC-algebras ^ : C[er ±:L , r ±:L , r ±:L ]/I ► K(IP(1, 3))c, 

where ^(<r) — Si, ^(t) = 7i,i, and ^(r) = 7i,2j where the ideal I is generated by 
the following 10 relations: 

TZi := er 3 - 2er 2 + a - t 2 + tt + r - r 2 + r - 1, 

TZ 2 := (r - 1) (t 2 -a), TZ 2 := (r - 1) (t 2 - a) , 

TZ 3 := (r - 1) (a 2 - r) , K 3 := (r - 1) (a 2 - r) , 

7^4 := (T 2 — CTT — CTf + T 2 T — TT + T 2 — T + L 
IZ4 '. = 0~ 2 — (TT — err + r 2 + tt 2 — TT — r + 1, 

^5 := (r - l)(trr - 1), K 5 := (r - l)(or - 1), 
7^-6 := — o~ 2 + ott + a — t 2 + tt — t 2 . 
It follows that (er — l)(er 3 — 1) belongs to 1, which is the relation on the untwisted 
sector. Furthermore, every element K(I¥(1, 3))c can be uniquely presented as a 
polynomial { er, r, t} of degree less than or equal to 2. In particular, we have 

0~~ = — (J 2 + a — T 2 + TT + T — T 2 + T, 

T _1 = — (TT + er + 1, 
T _1 = —CTT + er + 1. 

Proof. K(TP(1, 3))c is a 10 dimensional C-vector space. A direct calculation shows 
that the set of all monomials in {er, r, r } of degree less than or equal to 2 is a basis 
of this vector space. The 10 relations correspond to the 10 cubic monomials in 
{ er, r, t }. The expression for the inverses can be verified by direct computation. □ 

Remark 7.19. The above 10 relations are not algebraically independent. 
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Remark 7.20. There is an isomorphism of groups V\ *■ (<^3) 3 *> Jc given by 

a'+j h> ((1,0, 0),^), r'+j ' y ((0,1,0),.?), andf' + j ^ ((0,0, l),j) for all j in J c , 
where a' , t' , and r' are the unique elements in the Jc-orbit containing er, r, and f, 
respectively, from Corollary (|7.8[) . 

Remark 7.21. Restricting VP to Z[cr ±1 , t ±x , r ±:L ]/I yields an exotic integral struc- 
ture on the virtual K-theory K(I¥(1, 3))c- The inertial Chern character homomor- 

phism "ffii : K(IF(1, 3))c A*(7P(1, 3))c induces an exotic integral structure on 

virtual Chow theory. 

7.3. The resolution of singularities of T*P(l,n) and the HKRC. The cotan- 
gent bundle stack to P(l,n) is the quotient stack [(X x A 1 )/C x ], where C x acts 
with weights (l,n, — (n + 1)). This quotient stack is the toric stack associated to 
the following simplicial fan, which we denote by E ra . 

(— n, n + 1) 




Pn + l 



The cone o-„_i. n+ i has multiplicity n + 1 and the toric resolution of singularities 
of the toric variety X(T, n ) is the non-singular toric variety determined by the fan 
T,' n , where we subdivide the cone a n -i, n +i along the rays po, p±, ... , p n -2 where pt 
is generated by (— (i + 1), i + 2). 



(— n, n + 1) 
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The toric variety Z n = X(Y,' n ) is isomorphic to the quotient of A™ +2 \ Z(T,' n ) 
with coordinates (xq,. . . x n +i) by the free action of (C x )™ with weights 

(xo, • • • , Xn-i, Xo + 2xi + • • • + nxn-i, -2xo - 3xi - . . . - (n + l)Xn-i) , 

where Xi IS the character of (C x )" corresponding to the i-th standard basis vector of 
Z" and Z(T,' n ) = V(x 2 x 3 . ..x n+1 ,x x 3 . . . x n+ i, x xix 4 ■ . .x„+i, . . . ,x . . . x n - 2 x n x n+ i, 
xo . . .x„_i,xiX2 . . .i n ). The if-theory and Chow rings of this toric variety are 
readily calculated, yielding 

^[XO,Xo\---,Xn-l,X^-l] 



and 



where U = ci(xi) 



(eu(xo),---eu(x„-i)) 
(to, SI, • • • tn-i; 



Proposition 7.22. Let Z n be the crepant resolution of singularities of the mod- 
uli space of T*P(1, n) indicated by the toric diagram above. Then for n = 2, 3 
there are isomorphisms of augmented X-rings K(IF(1, n))c — > K(Z n )c w/iere the 
K(IF(l,n))c has the inertial X-ring structure described above. 

Proof. We have calculated if(P(l,2))c and if(P(l,3))c and in both cases we ob- 
tain an Artin ring which is a quotient of a coordinate ring of a torus of rank 2 
and 3, respectively. The inertial augmentation ideal corresponds to the identity 
in the corresponding torus. Thus for n = 2,3 the ring K(F(l,n))c is simply the 
localization of K(F(l,n))c at the corresponding maximal ideal. Direct calcula- 
tion shows that £(P(1,2)) C = C[CT,cr- 1 ,T,r- 1 ]/(eu(CT),eu(r)) 2 and X(P(1,3)) C = 
C[cr, cr _1 , r, t _1 , t, T _1 ]/(eu(cr), eu(r), eu(r)) 2 , which are readily seen to be isomor- 
phic as A-rings to K(Z 2 )c and K(Z 3 )c, respectively. □ 
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